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Abstract
We extend the notion of bisimulation to Kripke structures with fairness. We
define equivalences that preserve fairness and are akin to bisimulation. Specifically we define an equivalence and show that it is complete in the sense that it is
the coarsest equivalence that preserves the logic CTL∗ interpreted with respect
to the fair paths. The addition of fairness might cause two Kripke structures,
which can be distinguished by a CTL∗ formula, to become indistinguishable by
any CTL formula. We define a weaker equivalence that is the weakest equivalence preserving CTL interpreted on the fair paths. As a consequence of our
proofs, we also obtain characterizations of states in the fair structure in terms
of CTL∗ and CTL formulae.
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1

Introduction

Branching time propositional temporal logic has been found very useful in the automatic verification of concurrent finite-state systems [4]. Systems are modeled using
labeled state transition structures called Kripke or temporal structures [8]. Properties
are expressed as formulae from a branching-time temporal logic.
One of the simplest such logics is CTL (Computational Tree Logic) described in
[6]. While the problem of model-checking CTL formulae of a Kripke structure is of
polynomial complexity [8], CTL suffers in expressiveness. The richer logic CTL ∗ , described in [10], adds the power of linear-time propositional logic to CTL, and subsumes
both CTL and PLTL (Propositional Linear Time Logic). However, the problem of
model-checking becomes PSPACE-complete [6].
At the initial stages of top-down verification driven design methodologies [15], nondeterminism provides a powerful mechanism for modeling abstract designs. However,
nondeterminism can introduce too much behavior. Fairness is used to restrict analysis to those infinite paths in the Kripke structure which satisfy some specification,
which is evaluated over the infinite path. A major limitation of CTL is that it cannot
express correctness under fairness constraints [8].
The logic FairCTL allows the specification of a CTL formula p along with a path
formula φ. The fairness constraint φ is a pure path formula, specifically a Boolean
combination of the set of infinitary linear-time operators applied to propositional
arguments [8, page 1063]. The path quantifiers in the syntax of the formula now
range over only those infinite paths which meet the fairness constraint φ. In [6], a
more general specification CTLF is allowed, where the fairness constraints can refer to
individual states. Such fine granularity allows us to distinguish between two different
states which cannot be distinguished by any propositional temporal logic formulae.
The notion of fairness used in our paper is the extension of [8], where we allow the
infinitary linear-time operators in φ to refer to state labels also. The model-checking
problem for FairCTL (and CTLF ) can be solved in polynomial time.
Often, it is more natural to think of the fairness constraints as part of the system specification, instead of part of the property being verified. We will refer to
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Kripke structures with fairness constraints as fair-Kripke structures, and the problem
of checking a CTL (or CTL∗ ) formula on a fair-Kripke structure as the fair–CTL (or
fair–CTL∗ ) model-checking. Since we allow the fairness constraints to be Boolean
combinations of infinitary linear-time operators applied to state labels, the fair-Kripke
structure specification is as powerful as any kind of ω-automaton [17], and in fact is
essentially a syntactic variant on the theme of ω-automata [20].
Browne, Clarke and Grumberg [3] proved that bisimulation equivalence [16] on
Kripke structures is exactly the weakest equivalence that preserves all CTL and CTL ∗
formulae. In doing so, they constructed CTL formulae which characterized Kripke
structures up to bisimulation equivalence. As a corollary, they showed that any two
Kripke structures which can be distinguished by a CTL∗ formula can also be distinguished by a CTL formula. In this paper, we solve an open problem proposed
in [3], namely that of characterizing fair-Kripke structures up to equivalence over
branching-time temporal logics.
We show that, unlike ordinary Kripke structures, there exists a pair of fair-Kripke
structures which can be distinguished by a CTL∗ formula, whereas no CTL formula
can distinguish these two. In fact, these two structures are not even trace equivalent,
which is surprising because in the case of ordinary Kripke structures bisimulation
equivalence is the finest equivalence and trace equivalence is the coarsest equivalence
in the linear-time — branching-time spectrum [21].
Since, for fair-Kripke structures, the notion of equivalence is different for CTL and
CTL∗ formulae, we provide two different extensions of bisimulation equivalence which
deal with fairness constraints. E f air -bisimulation characterizes states in fair-Kripke
structures with respect to equivalence over CTL formulae, and E f air∗ -bisimulation
characterizes states in fair-Kripke structures with respect to equivalence over CTL ∗
formulae.
The problem of fair–CTL∗ model-checking can be solved using the algorithm for
CTL∗ model-checking by introducing a new atomic proposition for each state in the
Kripke structure. and then transforming the formula using these additional atomic
propositions [6]. However, this means that the characterization of states in Kripke
structures for CTL∗ equivalence as shown in [3] does not solve the problem of charac4

terizing states in fair Kripke structures, since the additional atomic propositions result
in the ability of CTL to differentiate all states. Again, this is especially important
when one considers fairness constraints as part of the system specification.
The remainder of this paper is organized as follows: In Section 2 we give the
definitions of fair-Kripke structures and CTL/CTL∗ syntax and semantics on such
structures. In Section 3, the relationship between bisimulation and CTL/CTL ∗ modelchecking is reviewed. In Section 4 we present the definitions of E f air∗ –bisimulation
and E f air –bisimulation, and prove completeness results for both equivalences. We
conclude in Section 5 with plans for future research and applications of our results.

2

Definitions

2.1

Sequences

A finite sequence on a set A is a function whose range is A and domain is a prefix of
the set of natural numbers, ω = {0, 1, 2, . . .}. An infinite sequence on A is a function
mapping ω to A. We will denote the finite sequence α by ha0 , a1 , · · · , an−1 i; an infinite
sequence β will be written as hb0 , b1 , b2 , · · ·i. Given a sequence α (finite or infinite), we
will denote by [α]k the k-th element in the sequence, i.e., α(k). The elements of the
range that occur infinitely often in an infinite sequence α will be denoted by inf(α).
The length of a finite sequence is the cardinality of its domain. Given finite sequences α1 and α2 , of length la1 and la2 respectively, we define the concatenation of α1
and α2 to be the sequence α of length la1 + la2 taking value α1 (k) when k < la1 , and
α2 (k − la1 ), when k ≥ la1 ; this will be denoted by α1 · α2 . The notion of concatenation
readily extends to the case where α2 is an infinite sequence.
For a finite nonempty sequence α of length lα , we use αω to denote the infinite sequence which for any natural number k evaluates to αk mod lα . Given any
infinite sequence α and natural number k, the k-th prefix of α is the finite sequence
hα(0), α(1), · · · , α(k−1)i, and the k-th suffix of α is the sequence hα(k), α(k+1), α(k+
2), · · ·i. Observe that α is the concatenation of its k-th prefix with its k-th suffix.
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2.2

Fair Kripke Structures

A Kripke structure K is a triple (S, T, L), where
1. S is a finite set of states.
2. T ⊂ S × S is the transition relation.
3. L : S → 2AP is the labeling function and AP is the underlying set of atomic
propositions.
The infinite sequence of states σ = hs0 , s1 , s2 , s3 , · · ·i is said to be a path starting at
state s0 if for every k we have T (sk , sk+1 ).
Intuitively, fairness conditions express restrictions on the infinitary behavior of
the system; a path is said to be fair if is satisfies the condition. Various formalisms
exist for defining fair paths, e.g., Büchi (variously weak or unconditional), Streett
(variously strong or conditional), Rabin, and Muller conditions [17, 20]. An important
observation is that in all these formalisms, fairness of the path is a function of the set
of states occurring infinitely often on the path.
Definition 1 A Muller Fairness condition (MFC) f on Kripke structure K is
characterized by a class C = {M1 , M2 , . . . , Mn } of subsets of S; the path σ is fair, if
and only if the set of states occurring infinitely often in σ, (denoted by inf(σ)) is an
element of C. The sets Mi will be referred to as the Muller fair subsets. We will use
Fsf0 to denote the set of all paths starting at s0 that satisfy the MFC f .
Since in all formalisms of fairness it is the case that fairness of a path is a function
of the set of states occurring infinitely often on the path, Muller conditions can express
arbitrary constraints on the set of infinitary states. Thus without loss of generality, we
will restrict our analysis to Kripke structures with Muller fairness conditions, which
will be referred to as fair-Kripke structures, denoted by the 4-tuple (S, T, L, f ).
Also, to simplify analysis we will always assume that every state lies on a fair path.
This is not a serious restriction; note that under Muller fairness conditions, one can
compute the set of states lying on a fair path by simple strongly connected components
calculation [7].
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2.3

CTL/CTL∗ Model Checking on fair-Kripke structures

There are two types of formulae in CTL and CTL∗ : state formulae (which are true
or false in a specific state), and path formulae (which are true or false along a specific
path). Let AP be the set of atomic propositions. A state formula is given by the
following syntax:
1. a if a ∈ AP.
2. If f1 and f2 are state formula, then so are ¬f1 and f1 ∨ f2 .
3. If g is a path formula, then ∃g and ∀g are state formulae.
A path formula is given by the following syntax:
1. A state formula
2. If g1 and g2 are path formulae, then so are ¬g1 and g1 ∨ g2 .
3. If g1 and g2 are path formulae, then so are Xg1 and g1 U g2 .
CTL∗ is the set of state formulae that are generated by the above rules; CTL is a
subset of CTL∗ in which the path formulae are restricted to be:
1. If f1 and f2 are state formulae then Xf1 and f1 U f2 are path formulae.
This clause replaces clauses 1–3 from the previous definition of path formula.
Given a fair-Kripke structure K = (S, R, L, f ), state and path formulae are interpreted over states and fair paths as defined below. The formulae f1 and f2 are state
formulae, and g1 and g2 are path formulae.
1. s0 |= a if and only if a ∈ L(s0 )
2. s0 |= ¬f1 if and only if s0 6|= f1 , and s0 |= f1 ∨ f2 if and only if s0 |= f1 or
s0 |= f2
3. (a) s0 |= ∃g1 if and only if there exists a fair path π starting at s0 such that
π |= g1 , and
(b) s0 |= ∀g1 if and only if for all fair paths π starting at s0 , π |= g1
7

4. π |= f1 if and only if [π]0 |= f1
5. π |= ¬g1 if and only if π 6|= g1 , and π |= g1 ∨ g2 if and only if π |= g1 or π |= g2
6. (a) π |= Xg1 if and only if π 1 |= g1
(b) π |= g1 U g2 if and only if there exists a k ≥ 0 such that π k |= g2 and for all
0 ≤ j < k, π j |= g1
It will be convenient to denote k concatenations of the next time operator X by
X k . Given a path formula g1 , we will use the abbreviation Gg1 to denote the CTL∗
path formula ¬(TRUE U ¬g1 ), where TRUE is a logical tautology. It can be shown that
the formulae of CTL presented above can be transformed into logically equivalent
formula which use only ∃X, ∃U , and ∃G as temporal connectives [8].

3

Equivalences preserving CTL/CTL∗

Let K = (S, T, L) be a Kripke structure. An equivalence relation E ⊂ S × S is said
to be a bisimulation on K if the following holds:
E(s, t)

⇒


L(s) = L(t) ∧


∀s0 T (s, s0 ) → ∃t0 T (t, t0 ) ∧ E(s0 , t0 ) ∧


∀t0 T (t, t0 ) → ∃s0 T (s, s0 ) ∧ E(s0 , t0 )

(1)

Observe:
1. the identity relation satisfies the above, and
2. given any two distinct bisimulations E1 and E2 , their union, i.e., E1 ∪ E2 , is also
a bisimulation.
From the above two observations, it follows that there exists a unique maximal bisimulation, which will be denoted by E bis .
In the absence of fairness conditions on the paths through the Kripke structure,
Browne, Clarke, and Grumberg prove the following soundness and completeness result [3]:
8

Theorem 3.1 Let K be a Kripke structure, and and s and t be states from K. Then
E bis (s, t) if and only if there is no CTL∗ formula φ such that s |= φ and t 6|= φ.
They construct CTL formulae that characterize states and structures up to bisimulation equivalence. As a corollary, they note that states in a Kripke structure that
can be differentiated by a formula of CTL∗ can also be differentiated by a formula of
CTL.

4

Equivalences on fair-Kripke structures

In the presence of fairness, states that have the same branching structure may have
different infinitary behavior. In the fair-Kripke structure defined in Figure 1, the
Muller fairness condition is {U1 , V1 } (shown in the dotted boxes), and the set of
APs is {a, b}. States s0 and t0 have identical finite branching structure, but state t0
satisfies the CTL formula ∃Ga (there exists a path on which a is always true), while
s0 6|= ∃Ga.
In this section we define two equivalences on the states of fair-Kripke structures.
We prove completeness results with respect to CTL∗ and CTL, using arguments analogous to those in [3]. Essentially, our equivalences incorporate fairness constraints
by requiring that states be equivalent on all fair paths. We show that it suffices to
examine a restricted class of paths, namely the rational paths defined below.
Definition 2 A path σ is a rational path if there exist natural numbers N and M
such that for every natural number i greater than N it is the case that [σ]N +i =
[σ]N +(i mod M ) . Thus rational paths are those which end in a cycle.
U1 = {s0,s1}

s0
{a}

V1 = {t0}

s1

t0
{a}

{b}

t1
{b}

Figure 1: States that agree on all CTL formulae in the absence of fairness
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Given an equivalence relation E on the state space of a Kripke structure, we extend
it to an equivalence E ω on paths through the Kripke structure as follows: E ω (σ, τ )
holds exactly when for every natural number i, we have E([σ]i , [τ ]i ). In the sequel,
we will overload E and use it when we mean E ω ; we will refer to σ and τ as being
E-equivalent.

Equivalences preserving CTL∗ on fair-Kripke structures

4.1

Definition 3 Let K be a fair-Kripke structure (S, T, L, f ). An equivalence relation
E ⊂ S × S is said to be a f air∗ bisimulation if for any (s, t) ∈ E the following are
true:

1. L(s) = L(t) , and
2. for every fair rational path σ starting at s there exists a fair rational path τ
starting at t such that E(σ, τ ), and
3. for every fair rational path τ starting at t there exists a fair rational path σ
starting at s such that E(τ, σ).
The relation E f air∗ is defined to be the coarsest relation that is a f air∗ bisimulation.
The soundness of this definition follows in a manner analogous to that of the
definition of E bis , as given in Section 4.
At first glance, the definition of E f air∗ appears unnatural in that it restricts the
paths σ and τ to be rational. However, we will later prove (cf. Lemma 4.3) that if
we drop the requirement of rationality, the resulting equivalence relation is equal to
E f air∗ given in Definition 3. Note that under the assumption that every state lies on
a fair path, the E f air∗ relation is finer than bisimulation.
The E f air∗ -bisimilarity relation is the natural extension to bisimulation in the
presence of fairness in the sense that the following soundness and completeness result
holds:
Theorem 4.1 Let s and t be states in a fair-Kripke structure K = (S, T, L, f ). Then
E f air∗ (s, t) if and only if there is no CTL∗ formula φ such that s |= φ and t 6|= φ.
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Proof: Proving soundness, i.e., that E f air∗ (s, t) ⇒ for every CTL∗ formula φ we have
s |= φ if and only if t |= φ is straightforward; simply use induction on the length of
the CTL∗ formulae.
To show completeness, i.e., that ¬E f air∗ (s, t) ⇒ there exists a formula φ of CTL∗
such that s |= φ ∧ t 6|= φ, we first define a series of equivalence relations E0 , E1 , . . .
as follows:
1. E0 (s, t) if and only if L(s) = L(t).
2. Ek+1 (s, t) if and only if
(a) for every fair rational path σ starting at s there is a fair rational path τ
starting at t which is Ek -equivalent to σ, and
(b) for every fair rational path τ starting at t there is a fair rational path σ
starting at s which is Ek -equivalent to τ .
Observe that El+1 (s, t) ⊆ El (s, t). Also every equivalence in the sequence contains
the equality relation. Since the state space is finite, the sequence converges to a fixed
point in some finite number of steps, i.e., there is some k such that Ek+1 = Ek , which
we will refer to as E∞ .
Note that E∞ satisfies Conditions 1–3 of Definition 3, and hence E∞ must lie in
E

f air∗

, since by definition, E f air∗ is the coarsest relation satisfying these conditions.

Thus, if we show that states which are not E∞ -equivalent can be differentiated by
CTL∗ formulae, we will have shown that states which are not E f air∗ -equivalent can
be differentiated by CTL∗ formulae.
We now characterize states up to El -equivalence by CTL∗ -equivalence. This is
done by induction on l. Specifically we will prove that

1. If ¬ El (s, t) then there is a CTL∗ formula dl (s, t) such that for each state v
which is El -equivalent to s we have v |= dl (s, t), and t 6|= dl (s, t).

2. For every state s, there is a CTL∗ formula Cl (s) such that for every state t we
have t |= Cl (s) if and only if El (s, t).
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The formula dl (s, t) distinguishes between t and states El -equivalent to s; the
formula Cl (s) characterizes El -equivalence to state s within the fair-Kripke structure.
If we let Cl (s) be the conjunction of Cl−1 (s) and dl (s, t) for every t which is not
El -related to s, the second assertion follows immediately. Now it is necessary to show
how to construct dl (s, t) by induction on l.
Base Case:(l = 0)
Let {pi } be the set of atomic propositions in L(s) and {qj } be the set of atomic
V
V
propositions in AP − L(s). Now let d0 (s, t) = i pi ∧ j ¬qj . It is clear that this
formula is only true in states with exactly the same labeling as s. Thus the base case

is established.
Induction Hypothesis (IH):
Assume the result is true for l. We will show it for l + 1.

Let s and t be any states in the structure such that ¬ El+1 (s, t) . This can only

happen if there is a fair rational path from s for which there is no El -corresponding
fair rational path out of t, or there is a fair rational path from t for which there is
no El -corresponding fair rational path out of s. In the latter case, we will use the
argument below to find a dl+1 (t, s) such that t |= dl+1 (t, s) and s 6|= dl+1 (t, s). We
can negate this formula to obtain the desired dl+1 (s, t).
Let σ = hs0 , s1 , s2 , · · · , sN −1 i · hsN , · · · , sN +k−1 iω be a fair rational path from s
with no corresponding path from t, where we take s0 = s for notational convenience.
First define the CTL∗ path formulae steml+1 (s, t) to be
steml+1 (s, t)

=

Cl (s0 ) ∧ XCl (s1 ) ∧ X 2 Cl (s2 ) ∧ · · · ∧ X N −1 Cl (sN −1 )

Now define the path formula cyclel+1 (s, t) to be
cyclel+1 (s, t)

=

Cl (sN ) ∧ XCl (sN +1 ) ∧ X 2 Cl (sN +2 ) ∧ · · · ∧ X k−1 Cl (sN +k−1 )

Then define the CTL∗ path formulae repeatil+1 (s, t) for i ∈ {0, 1, . . . , k − 1} to be
repeatil+1 (s, t)

=

Cl (sN +i ) → X k Cl (sN +i )

12



Finally, define the path formula pathl+1 (s, t) to be
pathl+1 (s, t)

=

steml+1 (s, t) ∧

X N cyclel+1 (s, t) ∧
  k−1

^
repeatil+1 (s, t)
XN G
i=0

Proposition 4.2 A path υ satisfies the path formula pathl+1 (s, t) if and only if it is
El -equivalent to the path σ.
Proof: The “if” part is straightforward; the El -equivalent fair path will satisfy
pathl+1 (s, t).
We now prove the “only if” part. Observe that states [υ]0 , [υ]1 , . . . , [υ]N −1 must
satisfy Cl (s0 ), Cl (s1 ), . . . , Cl (sN −1 ) respectively. By the IH, any state satisfying Cl (u)
must be El -equivalent to u. Hence, the N -th prefix of υ is El -equivalent to the N -th
prefix of σ.
Now consider the N -th suffix of υ. Again, by construction of cyclel+1 (s, t), the
states [υ]N , [υ]N +1 , . . . , [υ]N +k−1 must satisfy Cl (sN ), Cl (sN +1 ), . . . , Cl (sN +k−1 ) respectively. Again invoking the IH, we see that states [υ]N , [υ]N +1 , . . . , [υ]N +k−1 are
El -equivalent to [σ]N , [σ]N +1 , . . . , [σ]N +k−1 respectively.
V

k−1
i
Since υ N satisfies G
i=0 repeatl+1 (s, t) , we see that for each i ∈ {0, 1, . . . , k −
1}, we have [υ]N +i satisfies repeatil+1 (s, t). Hence by the IH, all states of the form

[υ]N +i+λ·k , where λ is an arbitrary natural number, are El -equivalent. Thus N -th
suffix of υ is El -equivalent to the N -th suffix of of σ. This proves the proposition.

Now define dl+1 (s, t) to be the state formula ∃ pathl+1 (s, t). Clearly, the state
s satisfies dl+1 (s, t) (take σ to be the witness), as does any state El -equivalent to s
(since El -equivalence implies the existence of a path El -equivalent to σ). Furthermore,
since there does not exist a path from t which is El -equivalent to σ, t does not satisfy
dl+1 (s, t).
In Definition 3, states were taken to be equivalent over rational fair paths. The
following lemma demonstrates that equivalence over rational fair paths implies equiv13

alence over all fair paths, establishing a more intuitive characterization of E f air∗ bisimulation.
Lemma 4.3 Let K be a given fair-Kripke structure. Let E be an equivalence relation
on states satisfying the following:
E(s, t)

⇔


L(s) = L(t) ∧

for every fair rational path σ starting at s

there exists a fair rational path τ starting at t such that E(σ, τ ) ∧

for every fair rational path τ starting at t

there exists fair rational path σ starting at s such that E(σ, τ )



Then E preserves equivalence across all fair paths, i.e., for every fair path σ starting
at s there exists a fair path τ starting at t such that E(σ, τ ), and for every fair path
τ starting at t there exists a fair path σ starting at s such that E(τ, σ).
Proof: Let {C1 , C2 , . . . , Cn } be the equivalence classes of E. Define an alphabet
Σ = {c1 , c2 , . . . , cn } corresponding to the equivalence classes. Define the ω-language
Ls over Σ as Ls = {x ∈ Σω | ∃σ ∈ Fsf such that (∀i) [σ]i ∈ C([x]i )}, where
C : {C1 , C2 , . . . , Cn } → Σ maps alphabets to their corresponding equivalence classes.
Observe that Ls is ω-regular [20], since the fair-Kripke structure can be viewed as a
Muller automaton, with the output at a state being the symbol of Σ corresponding
to its equivalence class. Similarly, define the ω-regular language Lt = {y ∈ Σω | ∃τ ∈
Ftf such that ∀i [τ ]i ∈ C([y]i )}.
It is clear that given any fair path σ starting at s, there is a fair path τ starting
at t which is E-equivalent to σ, and vice versa, if and only if Ls = Lt .
Note that if W1 and W2 are two ω-regular languages over the same alphabet, and
they agree on all rational words (i.e., words that are ultimately periodic), then they
are in fact equal; this follows from the following observation: Let W be the symmetric
difference of W1 and W2 , i.e., W = (W1 ∩ W̄2 ) ∪ (W̄1 ∩ W2 ). Then W is ω-regular, and
so is non-empty if and only if it contains a rational word [20]. But W1 and W2 contain
exactly the same set of rational words; consequently W is empty, and so W 1 = W2 .
14

Since L1 and L2 agree on all rational words (because s and t agree on all rational
paths), it follows that L1 = L2 , and so s and t must agree on all paths, proving the
lemma.
4.1.1

Upper bounds on computing E f air∗

The previous lemma can be used to derive a PSPACE upper bound on the complexity
of deciding E f air∗ for Kripke structures with practical forms of expressing fairness.
Specifically, we consider the case of Büchi fairness constraints, which due to their
succinctness relative to Muller fairness constraints are more meaningful in practice.
A Büchi fairness constraint is a subset B of the state space of the Kripke structure;
a path σ is fair if inf(σ) ∩ B 6= ∅.
Proposition 4.4 The E f air∗ equivalence relation can be computed in PSPACE for
Kripke structures with Büchi fairness constraints.
Proof: Consider the equivalences E0 , E1 , . . . as defined in the proof of Theorem 4.1.
Observe that Ek+1 can be derived from Ek by viewing the Kripke structure as a Büchi
automaton where the state label is the Ek -equivalence class to which it belongs, and
the acceptance is the corresponding Büchi fairness constraint. The relation E k+1 is
simply the language equivalence relation on the states of this automaton [20].
Since E f air∗ = E∞ is reached from E0 in at most n steps, where n is the number
of states, it is clear that the fair bisimulation relation can be computed using a polynomial number of calls to trace equivalence on Büchi automata which are no larger
than the original Kripke structure. Trace equivalence for Büchi automata is known
to be complete for PSPACE [18]. Consequently, E f air∗ can be decided in PSPACE
for Kripke structures with such fairness constraints.
Given the close relationship between trace equivalence and fair bisimilarity shown
above, it is reasonable to conjecture that deciding fair bisimilarity is as hard as deciding trace equivalence which is PSPACE-complete; this was proved by Kupferman and
Vardi [14], who used a reduction from the universality problem for regular expressions,
similar to that used to show trace universality is PSPACE-hard [13, 19].
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4.2

Equivalences preserving CTL on fair-Kripke structures

The logic CTL is a subset of the logic CTL∗ where nesting of path operators is not
allowed, i.e., every path operator must be immediately preceded by a path quantifier.
Since it is a subset of CTL∗ , it follows from Theorem 4.1 that states that are E f air∗ equivalent must agree on all CTL formulae. However the converse is not true, as
was illustrated by Clarke and Draghicescu [5] as part of their proof of the fact that
the CTL∗ property A(F Gp) is not expressible in CTL. We reproduce their argument
below.
Consider the states s1 and t1 in Figure 2.
1. The set of atomic propositions is {a, b}, the set of APs true at s1 and t1 is {a},
the set of APs true at s2 and t2 is {b}.
2. The fairness conditions are of Muller type. The sets U1 = {s1 }, U2 = {s1 , s2 },
and V1 = {t1 } are the fair Muller sets, i.e., fair paths are those in which the
infinitary set of states is exactly one of U1 , U2 , V1 .
State s1 can not be differentiated from t1 by any CTL formula, since the only difference
is the fact that there are paths from s1 on which b occurs infinitely often, and CTL
can not express ∃GF φ, i.e., there exists a path such that infinitely often φ is true.
This fact was first proved by Emerson and Clarke [9]; a considerably shorter proof
was presented by Clarke and Draghicescu [5]. See [8, page 1029] for a proof sketch.
More formally, the equivalence of s1 and t1 with respect to all CTL formula can
be proved by using induction on the length of the formula.
U1 = {s1}

U2 = {s1,s2}

V1 = {t1}

s1

s2

t1

t2

{a}

{b}

{a}

{b}

Figure 2: States that agree on all CTL formulae but can be differentiated by CTL ∗
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It is surprising that the set of output traces from s1 is not equal to the set of
output traces from t1 ; consider for example the trace ha, biω . This in contrast to the
fact that in the absence of fairness constraints states that are bisimilar equivalent
must have the same set of traces.
We can still characterize states that agree on all CTL formula as shown in the
following theorem.
Definition 4 Let K be a fair-Kripke structure (S, T, L, f ). An equivalence relation
E ⊂ S × S is said to be a f air bisimulation if for any (s, t) ∈ E the following are true:
1. L(s) = L(t), and
2. for every fair rational path σ starting at s, and every N and k such that σ =
hs, s1 , s2 , · · · , sN −1 i · hsN , sN +1 , · · · , sN +k−1 iω there exists a fair rational path τ
starting at t such that for every i ∈ {0, 1, . . . , N − 1}, it is true that E([σ]i , [τ ]i )
and for every i ≥ N it is true that [τ ]i is E-equivalent to some state in inf(σ),
and
3. for every fair rational path τ starting at t, and every N and k such that
τ = ht, t1 , · · · , tN −1 i · htN , tN +1 , · · · , tN +k−1 iω there exists a fair rational path σ
starting at s such that for every i ∈ {0, 1, . . . , N − 1}, it is true that E([τ ]i , [σ]i )
and for every i ≥ N it is true that [σ]i is E-equivalent to some state in inf(τ ).
The relation E f air is defined to be the coarsest relation that is a f air bisimulation.
The soundness of this definition follows in a manner analogous to that of the definition
of E bis , as given in Section 4.
In the sequel, given an equivalence relation E on states and a fair path τ , we will
say that τ E-corresponds to a fair rational path σ if for every N and k such that
σ = hs0 , s1 , s2 , · · · , sN −1 i · hsN , sN +1 , · · · , sN +k−1 iω , for every i ∈ {0, 1, . . . , N − 1},
it is true that E([σ]i , [τ ]i ) and for every i ≥ N , we have [τ ]i is E-equivalent to some
state in inf(σ)
The E f air -bisimilarity relation is the natural extension to bisimulation when model
checking CTL on fair-Kripke structures in the sense that
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Theorem 4.5 Let s and t be states in a fair-Kripke structure K = (S, T, L, f ). Then
E f air (s, t) if and only if there is no CTL formula φ such that s |= φ and t 6|= φ.
Proof:
First we consider soundness, i.e., that E f air (s, t) ⇒ for any CTL formula φ, state
s |= φ if and only if state t |= φ. Unlike in Theorem 4.1, this is not trivial to show,
and we present the proof.
We proceed by induction on the length of the formula.
Base Case: φ = a where a ∈ AP. It follows from the definition of E f air that
L(s) = L(t), and so s |= a if and only if t |= a. Hence the base case is proved.
Inductive Step:
1. φ = ¬φ1 — Follows from elementary propositional logic.
2. φ = (φ1 ∨ φ2 ) — Follows from elementary propositional logic.

3. φ = ∃X(φ1 ) — Observe that E f air (s, t) implies that we must have ∀s0 T (s, s0 ) ⇒

∃t0 T (t, t0 ) ∧ E f air (s0 , t0 ) . This follows from the fact that s0 can be continued
to a fair rational path, and so there must be a corresponding fair rational path

from t. The state t0 can be taken to be the state following t in this path. From

this observation and the IH, it follows that ∃s0 T (s, s0 ) ∧ s0 |= φ1 if and only if

∃t0 T (t, t0 ) ∧ t0 |= φ1 . The converse, namely to show t |= φ ⇒ s |= φ, follows

by symmetry.

4. φ = ∃(φ1 U φ2 ) — Suppose s |= φ. Then from the semantics of CTL, it follows
that there exists a fair path σ = hs, s1 , s2 , · · ·i such that there is a natural
number N for which for all natural numbers i such that i < N we have [σ]i |=
φ1 and [σ]N |= φ2 . Reasoning as above, there must exist a finite sequence
ht, t1 , t2 , · · · tN i such that for every i ≤ N we have E f air (si , ti ). Hence by the
IH, for every i < N it must be the case that ti |= φ1 , and tN |= φ2 . This finite
path can be extended to an infinite path, since every state is assumed to lie on
a fair path, and this infinite path satisfies φ1 U φ2 . Thus t |= φ. The converse,
namely to show t |= φ ⇒ s |= φ, follows by symmetry.
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5. φ = ∃G(φ1 ) — Suppose s |= φ. Then must be a fair rational path σ such that for
each i, we have [σ]i |= φ. Since σ is rational, it can be expressed as a sequence
hs, s1 , s2 , · · · , sN −1 i · hsN , sN +1 , · · · , sN +k−1 iω . Because s is E f air -equivalent to
t, it follows that there is a fair rational path τ E f air -corresponding to σ. Since
σ |= G(φ1 ), it follows that every state on σ satisfies φ1 . Since every state on
the path τ is E f air -equivalent to some state on σ, and the induction hypothesis
requires that states that are E f air -equivalent agree on all CTL formula of length
less than the length of φ, it follows that all states on τ satisfy φ1 ; thus t |= φ.
The converse, namely to show t |= φ ⇒ s |= φ, follows by symmetry.
Hence by induction, states that are E∞ -equivalent satisfy exactly the same set of
CTL formula. This completes the proof of soundness.
We now show completeness, i.e., that states which are not E f air -equivalent can
be differentiated by CTL. We proceed in a manner similar to that in the proof of
Theorem 4.1.
First we define the series of equivalences E0 , E1 , . . . as follows:
1. E0 (s, t) if and only if L(s) = L(t).
2. El+1 (s, t) if and only if
(a) for every fair rational path σ from s, there is an El -corresponding fair
rational path τ from t, and
(b) for every fair rational path τ from t, there is a an El -corresponding fair
rational path σ from t.
Observe that El+1 (s, t) ⊆ El (s, t). Also every equivalence in the sequence contains
the equality relation (the binary relation where an element is related only to itself).
Since the state space is finite the sequence converges to a fixed point in some finite
number of steps, i.e., there is some k such that Ek+1 = Ek , which we will refer to as
E∞ .
Notice that E∞ satisfies Conditions 1–3 in Definition 4, and hence E∞ must lie
in E f air , since by definition, E f air is the coarsest relation satisfying Conditions 1–3
in Definition 4. Thus if we show that states which are not E∞ -equivalent can be
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differentiated by CTL formulae, we will have shown that states which are not E f air equivalent can be differentiated by CTL formulae.
We now characterize states up to El -equivalence by CTL formulae. This is done
by induction on l. Specifically we will demonstrate:

1. If ¬ El (s, t) then there is a CTL formula dl (s, t) such that every state v which
is El to s satisfies v |= dl (s, v), and t 6|= dl (s, t), and,

2. for every state s ∈ S, there is a formula of CTL Cl (s) such that for every state
t it is true that t |= Cl (s) if and only if El (s, t).
The formula dl (s, t) distinguishes between t and states El -equivalent to s and Cl (s) is
a formula that characterizes El -equivalence to state s within the fair-Kripke structure.
If we let Cl (s) be a conjunction of Cl−1 (s) and dl (s, t) for every t which is not
El -related to s, the second assertion follows immediately. Now it is necessary to show
how to construct dl (s, t) by induction on l.
Base Case:(l=0)
Let {pi } be the set of atomic propositions in L(s) and {qj } be the set of atomic
V
V
propositions in AP − L(s). Now let d0 (s, t) = i pi ∧ j ¬qj . It is clear that this

formula is only true in states with exactly the same labeling as s. Thus the base case
is established.
Induction:
Assume the result is true for l. We will show it for l + 1.


Let s and t be any states in the structure such that ¬ El+1 (s, t) . This can only

happen if there is a fair rational path from s with no El -corresponding (in the sense
used in Definition 4) fair rational path from t, or there is a fair rational path from
t for which there is no El -corresponding fair rational path out of s. In the latter

case, we will use the argument below to find a dl+1 (t, s) such that t |= dl+1 (t, s) and
s 6|= dl+1 (t, s). We can negate this formula to obtain the desired dl+1 (s, t).
Let σ = hs, s1 , · · · , sN −1 i · hsN +1 , · · · , sN +k iω be a fair rational path from s with
no El -corresponding fair rational path from t.
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First define the CTL formula infinitel+1 (s, t) as below:
infinitel+1 (s, t)

=



∃G Cl (sN ) ∨ Cl (sN +1 ) ∨ · · · ∨ Cl (sN +k−1 )

Now define dl+1 (s, t):
dl+1 (s, t)

=




Cl (s) ∧ ∃X Cl (s1 ) ∧ ∃X Cl (s2 ) ∧ · · · ∧ ∃X Cl (sN −1 ) ∧


∃X infinitel+1 (s, t) · · ·

Proposition 4.6 A state u satisfies dl+1 (s, t) if and only if lies at the beginning of a
fair path which El -corresponds to σ.
Proof: The “if” part is straightforward; the El -corresponding fair path will provide
the existential witnesses.
We now prove the “only if” part. Since u satisfies dl+1 (s, t), the formula Cl (s)
must be true at u. Furthermore, there must be a successor state for which C l (s1 ) is


true, and ∃X Cl (s2 )∧· · ·∧∃X Cl (sN −1 )∧∃X infinitel+1 (s, t) · · · is also true; call
this state u1 . Continuing in this manner, we see that there must be a finite sequence

of states hu, u1 , u2 , · · · , uN −1 i which satisfy Cl (s), Cl (s1 ), · · · , Cl (sN −1 ) respectively.

Furthermore, uN −1 satisfies ∃X infinitel+1 (s, t) ; hence uN −1 has a successor state

from which there is a fair path on which every state satisfies some Cl (si ), where
i ∈ {N, N + 1, . . . , N + k − 1}; call this path υ. Consider the path hu, u1 , · · · , uN −1 i · υ.
By the IH, states which satisfy Cl (r) must be El -equivalent to r, and so the path
hu, u1 · · · uN −1 i · υ must El -correspond to σ, proving the proposition.
Since the state t does not lie at the beginning of a fair path which El -corresponds

to σ, it does not satisfy the formula dl+1 (s, t).

4.3

∀CTL∗ , similarity and fairness

The logic ∀CTL∗ is the subset of CTL∗ state formulae where negations occur only
on the atomic propositions, and all path quantifiers are universal. It has been argued
that this logic suffices to express most commonly encountered specifications, and that
it is well suited to reasoning about compositional designs [12].
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Let K = (S, T, L) be a Kripke structure. The relation F sim ⊂ S × S is said to be
a simulation relation if for all (s, t) ∈ S × S it satisfies the following:
F sim (s, t)

⇒


L(s) = L(t) ∧


∀t0 T (t, t0 ) → ∃s0 T (s, s0 ) ∧ F sim (s0 , t0 )

(2)

State s is said to simulate t when there exists a simulation relation F sim such that
F sim (s, t); if s simulates t and t simulates s then s and t are said to be similar. It is
straightforward to show the existence and uniqueness of a maximal equivalence relation on S where equivalent states are similar; this relation is referred to as similarity.
The relationship between ∀CTL∗ and similarity is completely analogous to the
relationship between CTL∗ and bisimulation. Grumberg and Long [11] introduced
the notion of a fair simulation relation for fair-Kripke structures. They proved fair
simulation is sound with respect to ∀CTL∗ , i.e., if state s fair simulates state t, then
all formulae in the logic ∀CTL∗ which hold at s also hold at t. Their definition of
fair simulation is completely analogous to the definition of fair bisimulation given in
this paper. However, they did not prove any completeness results, which are substantially more difficult to show than soundness results. The techniques in our paper can
be trivially extended to demonstrate that the fair similarity relation is the weakest
equivalence preserving ∀CTL∗ over fair-Kripke structures.

5

Conclusion and Future Work

We have defined state equivalences on Kripke structures that incorporate fairness.
These equivalences were shown to be complete in the sense that they are the weakest
equivalences preserving branching time logics interpreted on the structures. Furthermore we characterized the equivalence classes by formulae from the logic.
We have developed approximations to the complete equivalence that can be efficiently computed for Büchi, Rabin, and Streett fairness conditions. These are used
in a hierarchical procedure for minimizing systems of interacting state machines [2].
We plan to continue developing generalized notions of equivalence that are property

22

specific, and can be used to reduce or abstract components in large designs [1]. We
are also developing adequate notions of bisimulation for more complex designs, such
as those which include uninterpreted functions, or timing/statistical functionality.
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