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Figure 1: An example of 2-collapsing.

(ii) d-COLLAPSIBILITY is NP-complete for d ≥ 4.

Suppose that d is fixed. A good face is a d-collapsible face of K such that
Kσ is d-collapsible; a bad face is a d-collapsible face of K such that Kσ is not
d-collapsible.

Now suppose that K is a d-collapsible complex. It is not immediately clear
whether we can choose elementary d-collapses greedily in any order to d-collapse
K, or whether there is a “bad sequence” of d-collapses such that the resulting
complex is no longer d-collapsible. Therefore, we consider the following question:
For which d there is a d-collapsible complex K such that it contains a bad face?
The answer is:

Theorem 1.2. (i) Let d ≤ 2. Then every d-collapsible face of a d-collapsible
complex is good.

(ii) Let d ≥ 3. Then there exists a d-collapsible complex containing a bad d-
collapsible face.

Theorem 1.1(i) is a straightforward consequence of Theorem 1.2(i). Indeed, if
we want to test whether a given complex is 2-collapsible, it is sufficient to greedily
collapse d-collapsible faces. Theorem 1.2(i) implies that we finish with an empty
complex if and only if the original complex is 2-collapsible.

Our construction for Theorem 1.2(ii) is an intermediate step to proving The-
orem 1.1(ii).

3


