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Figure 4: The space X. The arrows denote, which facets are identified.

(ii) Let C′ = C′(ρ; ζ1, . . . , ζt) be the subcomplex of C given by C′ = 2ρ∪2ζ1 ∪ · · ·∪
2ζt. Then C ! (C′ \ {ρ}). In particular, C is d-collapsible since (C′ \ {ρ})
is d-collapsible.

(iii) The only d-collapsible face of C is the face ρ.

(iv) Suppose that d is a constant. Then the number of faces of C is O(t).

3.3 The complex C(ρ)

We start our construction assuming t = 0; i.e., we construct the connecting
gadget C = C(ρ).

We remark that the construction of C is in some respects similar to the con-
struction of generalized dunce hats. We refer to [AMS93] for more background.

The geometric realization of C(ρ). First, we describe the geometric realiza-
tion, ‖C‖, of C. Let P be the d-dimensional crosspolytope, the convex hull

conv {e1,−e1, . . . , ed,−ed}

of the vectors of the standard orthonormal basis and their negatives. It has 2d

facets
Fs = conv {s1e1, . . . , sded} ,

where s = (si)d
i=1 ∈ {−1, 1}d (s for sign). We want to glue all facets together

except the facet Fu where u = (1, . . . , 1) (see Figure 4).
More precisely, let s ∈ {−1, 1}d\{u}. Every x ∈ Fs can be uniquely written as

a convex combination x = xa,s = a1s1e1 + · · ·+ adsded where a = (ai)d
i=1 ∈ [0, 1]d

and
∑d

i=1 ai = 1. For every such fixed a we glue together the points in the

set
{

xa,s

∣

∣

∣
s ∈ {−1, 1}d \ {u}

}

; by X we denote the resulting space. We will

construct C in such a way that X is a geometric realization of C.
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