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Figure 10: An example of 2-collapsing K → Kσ′ ! Kσ.

As a corollary, we obtain the following lemma.

Lemma 5.2. Suppose that K is a d-collapsible complex. Then there is a d-
collapsing of K such that first only (d − 1)-dimensional faces are collapsed and
after that faces of dimensions less then (d − 1) are removed.

Proof. Suppose that we are given a d-collapsing of K. Suppose that in some step
we d-collapse a face σ that is not maximal and its dimension is less than d − 1.
Let us denote this step by K′ → K′

σ. Let σ′ ⊇ σ be such a face of K′ that either
dim σ′ = d− 1 or σ′ is a maximal face. Then we replace this step by d-collapsing
K′ → K′

σ′ ! Kσ.
We repeat this procedure until every d-collapsed face is either of dimension

d − 1 or maximal. We observe that this procedure can be repeated only finitely
many times since in every replacement we increase the number of elementary
d-collapses in the d-collapsing, while this number is bounded by the number of
faces of K.

Finally, we observe that if we first remove a maximal face of dimension less
than d− 1 and then we d-collapse a (d− 1)-dimensional face, we can swap these
steps with the same result.

5.2 d-collapsing to a subcomplex

Suppose that K is a simplicial complex, K′ is a subcomplex of it, which d-collapses
to a subcomplex L′. If certain conditions are satisfied, then we can perform d-
collapsing K′

! L′ in whole K; see Figure 11 for an illustration. The precise
statement is given in the following lemma.

Lemma 5.3 (d-collapsing a subcomplex). Let K be a simplicial complex, K′ a
subcomplex of K, and L′ a subcomplex of K′. Assume that if σ ∈ K′ \ L′, η ∈ K,
and η ⊇ σ, then η ∈ K′\L′. Moreover assume that K′

! L′. Then L = (K\K′)∪L′

is a simplicial complex and K ! L.

Proof. It is straightforward to check that L is a simplicial complex using the
equivalence
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