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Figure 11: Complexes K, K′, L and L′ from the statement of Lemma 5.3.

η ∈ L if and only if η ∈ K and η /∈ K′ \ L′.

In order to show K ! L, it is sufficient to show the following (and proceed by
induction over elementary d-collapses):

Suppose that σ′ is a d-collapsible face of K′ such that K′
σ′ ⊇ L′. Then we have

1. σ′ is a d-collapsible face of K.

2. If σ ∈ K′
σ′ \ L′, η ∈ Kσ′ and η ⊇ σ, then η ∈ K′

σ′ \ L′.

3. L = (Kσ′ \ K′
σ′) ∪ L′.

We prove the claims separately:

1. We know that σ′ /∈ L′ since K′
σ′ ⊇ L′. Thus, σ′ ∈ K′\L′. If η′ ∈ K and η′ ⊇ σ′,

then, by the assumption of the lemma, η′ ∈ K′ \ L′ ⊆ K′. In particular, the
maximal faces in K′ containing σ′ coincide with the maximal faces in K

containing σ′. It means that σ′ is a d-collapsible face of K.

2. We have K′
σ′ \ L′ ⊆ K′ \ L′ and Kσ′ ⊆ K. Thus the assumption of the lemma

implies that η ∈ K′ \ L′. Next we have Kσ′ ∩ K′ = K′
σ′ since the maximal

faces in K′ containing σ′ coincide with the maximal faces in K containing
σ′. We conclude that η ∈ K′

σ′ \ L′.

3. One can check that K \ K′ = Kσ′ \ K′
σ′ .

Suppose that F is a set system. For an integer k we define the graph
Gk(F) = (V (Gk), E(Gk)) as follows:

V (Gk) = {F ∈ F | |F | = k + 1 (i.e., dim F = k if F is regarded as a face)};
E(Gk) = {{F, F ′} | F, F ′ ∈ V (Gk), F ∩ F ′ ∈ F and |F ∩ F ′| = k}.

Lemma 5.4 (d-collapsing a d-dimensional complex). Suppose that K is a d-
dimensional complex, L is its subcomplex and the following conditions are satis-
fied:
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