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Figure 12: In top right picture there are complexes K and L from Lemma 5.4; L

is thick and dark. In top left picture there is the graph G2(K \ L). Collapsing
K ! L is in bottom pictures.

• K \ L contains a d-collapsible face σ such that τ(σ) ∈ K \ L;

• Gd(K \ L) is connected;

• for every (d − 1)-face η ∈ K \ L there are at most two d-faces in K \ L

containing η.

Then K ! L.

Proof. See Figure 12 when following the proof. Let τ0 = τ(σ), τ1, . . . , τj be
an order of vertices of Gd(K \ L) such that for every i ∈ [j] the vertex τi has a
neighbor τn(i) with n(i) < i. Such an order exists by the second condition. Let
σi = τi ∩ τn(i).

Consider the following sequence of elementary d-collapses

K → K0 = Kσ,
Ki−1 → Ki = (Ki−1)σi

for i ∈ [j].

This sequence is indeed a sequence of elementary d-collapses since τn(i) /∈ Ki−1,
thus τi is a unique maximal face containing σi in Ki−1 by the third condition.
Moreover, σi ∈ K \ L. Thus, Kj is a supercomplex of L.

The set system Kj \ L contains only faces of dimensions d − 1 or less. Hence
Kj ! L by removing faces, which establishes the claim.
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