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Figure 2: The simplices τ , τk and η.

Due to Claim 2.3 there exists a universal τ ∈ K such that τ = τ(σ) for every
2-collapsible σ ∈ K. Let us remark that K "= 2τ since σB is a bad face.

The following claim represents a key difference among 2-collapsibility and
d-collapsibility for d ≥ 3. It wouldn’t be valid in case of d-collapsibility.

Claim 2.4. Let σ be a good face and let σ′ be a bad face. Then σ ∩ σ′ = ∅.

Proof. It is easy to prove the claim in the case that either σ or σ′ is a 0-face. Let
us therefore consider the case that both σ and σ′ are 1-faces. For contradiction
suppose that σ ∩ σ′ "= ∅, i.e., σ = {u, v}, σ′ = {v, w} for some mutually different
u, v, w ∈ τ . Then τ \ {u} is a unique maximal face in Kσ that contains σ′, so
(Kσ)σ′ exists. Similarly, (Kσ′)σ exists and the same argument as in the proof of
Claim 2.2 yields (Kσ)σ′ = (Kσ′)σ. Similarly as in the proof of Claim 2.3, (Kσ)σ′

is 2-collapsible (due to Claim 2.1), but it contradicts the fact that σ′ is a bad
face.

The complex K is 2-collapsible. Let K = K1 → K2 → · · · → Km = ∅ be
a 2-collapsing of K, where Ki+1 = Ki \ [σi, τi]. Clearly, τ1 = τ . Let k be the
minimal integer such that τk "⊆ τ . Such k exists since K "= 2τ . Moreover, we can
assume that all the faces σ1, . . . ,σk are edges. This assumption is possible since
collapsing a vertex can be substituted by collapsing the edges connected to the
vertex and then removing the isolated vertex at the very end of the process. See
Lemma 5.2 for details.

Claim 2.5. The face σk is a subset of τ , and it is not a 2-collapsible face of K.

Proof. Suppose for contradiction that σk "⊆ τ . Then St(σk, K) = St(σk, Ki) since
only subsets of τ are removed from K during the first i 2-collapses. It implies
that σk is a 2-collapsible face of K contradicting the definition of τ .

It is not a 2-collapsible face of K since it is contained in τ and τk "⊆ τ .

Claim 2.6. The faces σ1,σ2, . . . ,σk−1 are good faces of K.
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