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Figure 5: The triangulations J (left) and H (right) of P with d = 2.

Triangulations of the crosspolytope. We define two auxiliary triangulations
of P—they are depicted in Figure 5. The simplicial complex J is the simplicial
complex with vertex set {0, e1,−e1, . . . , ed,−ed}. The set of its faces is given by
the maximal faces

{0, s1e1, s2e2, . . . , sded} where s1, s2, . . . , sd ∈ {−1, 1} .

The complex J is a triangulation of P .
Let ϑ be the face {0, e1, . . . , ed}. The complex H is constructed by iterated

stellar subdivisions starting with J and subdividing faces of J\2ϑ (first subdividing
d-dimensional faces, then (d − 1)-dimensional, etc.). Formally, H is a complex
with the vertex set (J \ 2ϑ) ∪ ϑ and with faces of the form

{{σ1, . . . ,σk} ∪ τ} where σ1 ! · · · ! σk ! τ ; σ1, . . . ,σk ∈ J \ 2
ϑ; τ ⊆ ϑ; k ∈ N0.

The construction of C. Informally, we obtain C from H by the same gluing as
was used for constructing X from P .

Formally, let ≈ be an equivalence relation on (J \ 2ϑ) ∪ ϑ given by
ei ≈ {−ei} for i ∈ [d],
σ1 ≈ σ2 for σ1,σ2 ∈ J \ 2ϑ,

σ1 = {s1ek1
, . . . , smekm

}, σ2 = {s′1ek1
, . . . , s′mekm

}
where si, s′i ∈ {−1, 1} and 1 ≤ k1 < · · · < km ≤ d.

For an equivalence relation ≡ on a set X we define ≡+ to be an equivalence
relation on Y ⊂ 2X inherited from ≡; i.e., we have, for Y1, Y2 ∈ Y , Y1 ≡+ Y2 if
and only if there is a bijection f : Y1 → Y2 such that f(y) ≡ y for every y ∈ Y1.

We define C = H/≈+ . One can prove that C is indeed a simplicial complex
and also that ‖C‖ is homeomorphic to X (since the identification C = H/≈+ was
chosen to follow the construction of X).

The faces of C are the equivalence classes of ≈+. We use the notation 〈σ〉 for
such an equivalence class given by σ ∈ H. By ρ we denote the face 〈{e1, . . . , ed}〉
of C.
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