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Figure 3: A schematic drawing of the complexes 2S and B.

A = R ∪ Cglued(ι; α1, . . . ,αt).

We show d-collapsibility of B by the following sequence of d-collapses:

B ! A ! R \ {ι} ! ∅.

The fact that B ! A is quite obvious—it is sufficient to d-collapse the liber-
ation faces. More precisely, we use Lemma 5.3 with K = B, K′ = 2S, and L′ = R.
The fact that A ! R \ {ι} follows from Lemma 3.1(i). We already observed that
R \ {ι} ! ∅ when defining R.

3.2 The complex C

Our proof relies on constructing d-dimensional d-collapsible complex C such that
its first d-collapse is unique. We call this complex a connecting gadget. Precise
properties of the connecting gadget are stated in Proposition 3.2.

Before stating the proposition we define the notion of distant faces. Suppose
that K is a simplicial complex and let u, v be two of its vertices. By dist(u, v)
we mean their distance in graph-theoretical sense in the 1-skeleton of K. We say
that two faces ω, η ∈ K are distant if dist(u, v) ≥ 3 for every u ∈ ω, v ∈ η.

Proposition 3.2. Let d ≥ 2 and t ≥ 0 be integers. There is a d-dimensional
complex C = C(ρ; ζ1, . . . , ζt) with the following properties:

(i) It contains (d−1)-dimensional faces ρ, ζ1, . . . , ζt such that each two of them
are distant faces.
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