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Figure 6: The complex D(ζ1, ζ2) (left) and C(ρ; ζ1, ζ2) (right), here d = 2.

3.4 The complex C(ρ; ζ1, . . . , ζt)

Now we assume that t ≥ 1 and we construct the complex C(ρ; ζ1, . . . , ζt), which
is a refinement of C(ρ). The idea of the construction is quite simple. We pick an
interior simplex of C(ρ); and we subdivide it in such a way that we obtain distant
(d − 1)-dimensional faces ζ1, . . . , ζt (and also distant from ρ). For completeness
we show a particular way how to get such a subdivision.

A suitable triangulation of a simplex. An example of the following con-
struction is depicted in Figure 6. Let ∆ be a d-dimensional (geometric) simplex
with a set of vertices V = {v1, . . . ,vd+1}, let b be its barycentre, and let t be an
integer. Next, we define

W =

{

wi,j

∣

∣

∣

∣

wi,j = b +
j

3t
(vi − b), i ∈ [d + 1], j ∈ [3t]

}

.

Note that V ⊂ W . For j ∈ [t], ζj is a (d − 1)-face {w1,3j−2,w2,3j−2, . . . ,wd,3j−2}.
Now we define polyhedra Q1, . . . , Q3t. The polyhedron Q1 is the convex hull

conv {w1,1 . . . ,wd+1,1}. For j ∈ [3t] \ {1} the polyhedron Qj is the union of the
convex hulls

⋃

i∈[d+1]

conv {wk,l | k ∈ [d + 1] \ {i} , l ∈ {j − 1, j}} .

The polyhedron Q1 is a simplex. For j > 1, the polyhedra Qj are isomorphic
to the prisms ∂∆d × [0, 1], where ∆d is a d-simplex. Each such prism admits a
(standard) triangulation such that ∂∆d × {0} and ∂∆d × {1} are not subdivided
(see [Mat03, Exercise 3, p. 12]).

Let D(ζ1, . . . , ζt) denote an abstract simplicial complex on a vertex set W ,
which comes from a triangulation of ∆ obtained by first subdividing it into
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