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Abstract: The ELEMENT DISTINCTNESS problem is to decide whether each character
of an input string is unique. The quantum query complexity of ELEMENT DISTINCTNESS
is known to be ®(N2/ 3); the polynomial method gives a tight lower bound for any input
alphabet, while a tight adversary construction was only known for alphabets of size Q(N?).

We construct a tight Q(N?/3) adversary lower bound for ELEMENT DISTINCTNESS with
minimal non-trivial alphabet size, which equals the length of the input. This result may help
to improve lower bounds for other related query problems.

1 Introduction and motivation

Background. In quantum computation, one of the main questions that we are interested in is: What
is the quantum circuit complexity of a given computational problem? This question is hard to answer,
and so we consider an alternative question: What is the quantum query complexity of the problem? For
many problems, it is seemingly easier to (upper and lower) bound the number of times an algorithm
requires to access the input rather than to bound the number of elementary quantum operations required
by the algorithm. Nonetheless, the study of the quantum query complexity can give us great insights
for the quantum circuit complexity. For example, a query-efficient algorithm for SIMON’S PROBLEM
[26] helped Shor to develop a time-efficient algorithm for factoring [25]. On the other hand, Q(N 1/ 5)
and Q(N 1/ 2) lower bounds on the (bounded error) quantum query complexity of the SET EQUALITY
[21] and the INDEX ERASURE [6] problems, respectively, ruled out certain approaches for constructing
time-efficient quantum algorithms for the GRAPH ISOMORPHISM problem.
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Currently, two main techniques for proving lower bounds on quantum query complexity are the
polynomial method developed by Beals, Buhrman, Cleve, Mosca, and de Wolf [7], and the adversary
method originally developed by Ambainis [2] in what later became known as the positive adversary
method. The adversary method was later strengthened by Hgyer, Lee, and Spalek [16] by allowing
negative weights in the adversary matrix. In recent results [22, 20], Lee, Mittal, Reichardt, §palek, and
Szegedy showed that, unlike the polynomial method [3], the general (i.e., strengthened) adversary method
can give tight lower bounds for all problems. This is a strong incentive for the study of the adversary
method.

Element Distinctness and Collision. Even though we know that tight adversary (lower) bounds exist
for all query problems, for multiple problems we still do not know how to even construct adversary
bounds that would match lower bounds obtained by other methods. For about a decade, ELEMENT
DISTINCTNESS and COLLISION were prime examples of such problems. Given an input string z € £V,
the ELEMENT DISTINCTNESS problem is to decide whether each character of z is unique, and the
COLLISION problem is its special case given a promise that each character of z is either unique or appears
in z exactly twice. As one can think of z as a function that maps {1,2,...,N} to X, the alphabet  is often
also called the range.

The quantum query complexity of these two problems is known. Brassard, Hgyer, and Tapp first
gave an O(N 1/ 3) quantum query algorithm for COLLISION [13]. Aaronson and Shi then gave a matching
Q(N 1/ 3) lower bound for COLLISION via the polynomial method, requiring that |£| > 3N /2 [1]. Due to
a particular reduction from COLLISION to ELEMENT DISTINCTNESS, their lower bound also implied an
Q(N?/3) lower bound for ELEMENT DISTINCTNESS, requiring that |Z| € Q(N?). Subsequently, Kutin
(for COLLISION) and Ambainis (for both) removed these requirements on the alphabet size [19, 4].
Finally, Ambainis gave an O(N%/3) quantum query algorithm for ELEMENT DISTINCTNESS based on a
quantum walk [5], thus improving the best previously known O(N3/ 4) upper bound [14].

Hence, the proof of the Q(N?/3) lower bound for ELEMENT DISTINCTNESS with minimal non-trivial
alphabet size N (and, thus, any alphabet size) consists of three steps: an Q(N 1/ 3) lower bound for
COLLISION, a reduction from an Q(N'/3) lower bound for COLLISION to an Q(N?/3) lower bound for
ELEMENT DISTINCTNESS with the alphabet size Q(N?), and a reduction of the alphabet size. In this
paper we prove the same result directly by providing an Q(NZ/ 3) general adversary bound for ELEMENT
DISTINCTNESS with the alphabet size N.

The problems of SET EQUALITY, k-DISTINCTNESS, and k-SUM are closely related to COLLISION
and ELEMENT DISTINCTNESS. SET EQUALITY is a special case of COLLISION given an extra promise
that each character of the first half (and, thus, the second half) of the input string is unique. Given a
constant k, the k-DISTINCTNESS problem is to decide whether the input string contains some character at
least k times. For k-SUM, we assume that ¥ is an additive group and the problem is to decide if there
exist k numbers among N that sum up to a prescribed number.

Recent adversary bounds. Due to the certificate complexity barrier [30, 28], the positive weight adver-
sary method fails to give a better lower bound for ELEMENT DISTINCTNESS than Q(N 1/ 2). And similarly,
due to the property testing barrier [16], it fails to give a better lower bound for COLLISION than the
trivial Q(1). Recently, Belovs gave an Q(N?/3) general adversary bound for ELEMENT DISTINCTNESS
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with a large Q(N?) alphabet size [8]. In a series of works that followed, tight general adversary bounds
were given for the k-SUM [12], CERTIFICATE-SUM [10], and COLLISION and SET EQUALITY problems
[11], all of them requiring that the alphabet size is large. Q(N**+1)) and Q(N'/3) lower bounds for
k-SUM and SET EQUALITY, respectively, were improvements over the best previously known lower
bounds. (The Q(N 1/ 3) lower bound for SET EQUALITY was also independently proven by Zhandry [29];
he used a completely different method, which did not require any assumptions on the alphabet size.)

The adversary lower bound for a problem is given via the adversary matrix (Section 2.2). The
construction of the adversary matrix in all these recent (general) adversary bounds mentioned has one
idea in common: the adversary matrix is extracted from a larger matrix that has been constructed using,
essentially, the Hamming association scheme [15]. The fact that we initially embed the adversary matrix
in this larger matrix is the reason behind the requirement of the large alphabet size. More precisely, due to
the birthday paradox, these adversary bounds require the alphabet X to be large enough so that a randomly
chosen string in £V with constant probability is a negative input of the problem.

Also, for these problems, all the negative inputs are essentially equally hard. However, for k-
DISTINCTNESS, for example, the hardest negative inputs seem to be the ones in which each character
appears k — 1 times, and a randomly chosen negative input for k-DISTINCTNESS is such only with a
minuscule probability. This might be a reason why an Q(Nz/ 3) adversary bound for k-DISTINCTNESS
[27] based on the idea of the embedding does not narrow the gap to the best known upper bound,
O(N 1-2472/ (zk_l)) [9]. (The Q(N?/3) lower bound was already known previously via the reduction from
ELEMENT DISTINCTNESS attributed to Aaronson in [5].)

Motivation for our work. In this paper we construct an explicit adversary matrix for ELEMENT
DISTINCTNESS with the alphabet size |£| = N (and, thus, any alphabet size) yielding the tight Q(N?/3)
lower bound. We also provide certain “tight” conditions that every optimal adversary matrix for ELEMENT
DISTINCTNESS must satisfy,' therefore suggesting that every optimal adversary matrix for ELEMENT
DISTINCTNESS might have to be, in some sense, close to the adversary matrix that we have constructed.

The tight Q(Nk/ (k“)) adversary bound for k-SUM by Belovs and Spalek [12] is an extension of
Belovs’ Q(N?/3) adversary bound for ELEMENT DISTINCTNESS [8], and it requires |Z| € Q(N*). We
construct the adversary matrix for ELEMENT DISTINCTNESS directly, without the embedding, therefore
we do not require the condition |Z| € Q(N?) as in Belovs” adversary bound. We hope that this might help
to reduce the required alphabet size in the Q(Nk/ (k+1)) lower bound for k-SUM.

As we mentioned before, an adversary matrix for k-DISTINCTNESS based on the idea of the embed-
ding might not be able to give tight lower bounds. On the other hand, in our construction we only assume
that the adversary matrix is invariant under all index and all alphabet permutations, and that is something
we can always do without loss of generality due to the automorphism principle [16]—for ELEMENT
DISTINCTNESS, k-DISTINCTNESS, and many other problems. Hence, due to the optimality of the general
adversary method, we know that one can construct a tight adversary bound for k-DISTINCTNESS that
satisfies these symmetries, and we hope that our construction for ELEMENT DISTINCTNESS might give
insights in how to do that.

! Assuming, without loss of generality, that the adversary matrix has the symmetry given by the automorphism principle.
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Structure of the paper. This paper is structured as follows. In Section 2 we present the preliminaries of
our work, including the adversary method, the automorphism principle, and the basics of the representation
theory of the symmetric group. In Section 3 we show that the adversary matrix I" can be expressed as
a linear combination of specific matrices. In this section we also present Claim 3.2, which states what
conditions every optimal adversary matrix for ELEMENT DISTINCTNESS must satisfy; we prove this
claim in the appendix. In Section 4 we show how to specify the adversary matrix I' via it submatrix I'y 5,
which will make the analysis of the adversary matrix simpler. In Section 5 we present tools for estimating
the spectral norm of the matrix entrywise product of I' and the difference matrix A;, a quantity that is
essential to the adversary method. In Section 6 we use the conditions given by Claim 3.2 to construct an
adversary matrix for ELEMENT DISTINCTNESS with the alphabet size N, and we show that this matrix
indeed yields the desired Q(N?/3) lower bound. We conclude in Section 7 with open problems.

2 Preliminaries

2.1 Element distinctness problem

Let N be the length of the input and let £ be the input alphabet. Let [i,N] = {i,i+ 1,...,N} and
[N] = [1,N] for short. Given an input string z € £V, the ELEMENT DISTINCTNESS problem is to decide
whether z contains a collision or not, namely, weather there exist 7, j € [N] such that i # j and z; = z;. We
only consider a special case of the problem where we are given a promise that the input contains at most
one collision. This promise does not change the complexity of the problem [5].

Let Dy and Dy be the sets of positive and negative inputs, respectively, that is, inputs with a unique
collision and inputs without a collision. If || < N, then Dy = 0, and the problem becomes trivial,
therefore we consider the case when |£| = N. We have

N X! N X!
Dl = - = N! d Dyl = ——— =N!.
il (2)(\2|—N+1>! (z) and Dol = 75— ;

2.2 Adversary method

The general adversary method gives optimal bounds for any quantum query problem. Here we only
consider the ELEMENT DISTINCTNESS problem, so it suffices to define the adversary method for decision
problems. Let us think of a decision problem p as a Boolean-valued function p : D — {0, 1} with domain
D C XN andlet Dy = p~!(1) and Dy = p~1(0).

An adversary matrix for a decision problem p is a real |D| x |Do| matrix I" whose rows are labeled
by the positive inputs D; and columns by the negative inputs Dy. Let I'[x,y]] denote the entry of T"
corresponding to the pair of inputs (x,y) € D x Dy. For i € [N], the difference matrices A; and A; are the
matrices of the same dimensions and the same row and column labeling as I" that are defined by

07 ifxi:yia
17 ifxi?éyia

17 ifxi:yi7

and Zi[[xvyﬂ = {0 1fx7£y

Aillx,y] = {
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Theorem 2.1 (Adversary bound [16, 20]). The quantum query complexity of the decision problem p is
O(Adv(p)), where Adv(p) is the optimal value of the semi-definite program

maximize ||T7|

. : 2.1)
subjectto  ||A;oD|| <1 foralli€ [N],

where the maximization is over all adversary matrices U for p, ||-|| is the spectral norm (i.e., the largest

singular value), and o is the entrywise matrix product.

Every feasible solution to the semi-definite program (2.1) yields a lower bound on the quantum query
complexity of p. Note that we can choose any adversary matrix I" and scale it so that the condition
|A;oT'|| <1 holds. In practice, we use the condition ||A;oI'|| € O(1) instead of ||A;o'|| < 1. Also note
that AjoI'=T—A;ol.

2.3 Symmetries of the adversary matrix

It is known that we can restrict the maximization in Theorem 2.1 to adversary matrices I satisfying
certain symmetries. Let Sy be the symmetric group of a finite set A, that is, the group whose elements are
all the permutations of elements of A and whose group operation is the composition of permutations. The
automorphism principle [16] implies that, without loss of generality, we can assume that I" for ELEMENT
DISTINCTNESS is fixed under all index and all alphabet permutations. Namely, index permutations
T € Spy) and alphabet permutations 7 € Sy act on input strings z € ¥V in the natural way:

mTeESN : z=(21,--r2v) = znz(Zrl(l),...,zrl(m),
T€Sy : z=(z1,...,an) = 2" =(7(21),...,7(zw)).

The actions of 7w and T commute: we have (zz)* = (z%)z, which we denote by z% for short. The
automorphism principle implies that we can assume

[llx,y] = Clxz, yz] 2.2)

forall x € Dy, y € Do, & € Sy, and 7 € Sy.

Let X = RP1l and Y = RI™ol be the vector spaces corresponding to the positive and the negative
inputs, respectively. (We can view I' as a linear operator that maps Y to X.) Let UF and V! be the
permutation matrices that respectively act on the spaces X and Y and that map every x € D; to x} and
every y € Dy to y%. Then (2.2) is equivalent to

Ul =TV} 2.3)

forall m € S[N}, and 7 € Sy. Both U and V are representations of S[N] X Sy.

2.4 Representation theory of the symmetric group

Let us present the basics of the representation theory of the symmetric group. (For a detailed study of the
representation theory of the symmetric group, refer to [17, 23]; for the fundamentals of the representation
theory of finite groups, refer to [24].)
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Up to isomorphism, there is one-to-one correspondence between the irreps (i.e., irreducible represen-
tations) of S, and |A|-box Young diagrams, and we often use these two terms interchangeably. We use &,
1, and 6 to denote Young diagrams having o(N) boxes, A, i, and v to denote Young diagrams having N,
N —1, and N — 2 boxes, respectively, and p and o for general statements and other purposes.

Let p = M denote that p is an M-box Young diagram. For a Young diagram p, let p(i) and
p'(j) denote the number of boxes in the i-th row and j-th column of p, respectively. We write
p=(p(1),p(2),...,p(r)), where r = p'(1) is the number of rows in p, and, given M > p(1), let
(M, p) be short for (M,p(1),p(2),...,p(r)).

We say that a box (i, j) is present in p and write (i, j) € p if p(i) > j (equivalently, p'(j) > i). The
hook-length hy (b) of a box b is the sum of the number of boxes on the right from 4 in the same row (i.e.,
p (i) — j) and the number of boxes below b in the same column (i.e., p'(j) — i) plus one (i.e., the box b
itself). The dimension of the irrep corresponding to p is given by the hook-length formula:

dimp =|p|t/h(p),  where  h(p) =TT ;c, hp(ir)) 2.4)

and |p| is the number of boxes in p.

Let o0 < p and ¢ < p denote that a Young diagram ¢ is obtained from p by removing exactly one
box and exactly two boxes, respectively. Given o < p, let us write 0 <, p or 0 < p if the two boxes
removed from p to obtain ¢ are, respectively, in different rows or different columns. Let o <, p be
short for (0 <, p)&(0 <. p). The distance between two boxes b = (i, j) and b’ = (7', ') is defined as
li' —i|+|j— j'|. Given 6 <, p, let dp 5 > 2 be the distance between the two boxes that we remove from
p to obtain ©.

The branching rule states that the restriction of an irrep p of Sy to Sy\ (4}, Where a € A, is

Sa ~
ResSA\{a}p = @(Kp c.

The more general Littlewood—Richardson rule implies that the restriction of an irrep p of Sa to Sy, 4y ¥
Sa\{ab}> Where a,b € A, is

Sa ~ . /
ReSS{a.b}XSA\{aﬁb}p - @c<<pp(ld x0)® 69cr’<<rp (sgnx &),

where id = (2) and sgn = (1, 1) are the trivial and the sign representation of Sy, 5}, respectively. Frobenius
reciprocity then tells us that the “opposite” happens when we induce an irrep of Sp\ (4} O Si4 5} X Sp\ (4,5}
to Sa.

Given ¢ € {0,1,2,3},aset A= [N]or A =X, its subset A\ {ai,...,as}, and p = N — ¢, let us write
Pay...a, if we want to stress that we think of p as an irrep of S\ (4, ... 4,}- We omit the subscript if £ =0
or when {ay,...,as} is clear from the context. To lighten the notations, given k € o(N) and n + k, let
Nay..ap = (N —€—k,M)a,.q, = N — ¢; here we omit the subscript if and only if £ = 0.

2.5 Transporters

Suppose we are given a group G, and let &; and &, be two isomorphic irreps of G acting on spaces
Z1 and Z,, respectively. Up to a global phase (i.e., a scalar of absolute value 1), there exists a unique
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isomorphism 75, ; from &; to &, that satisfies || T, 1|| = 1. We call this isomorphism a transporter from
&1 to & (or, from Z to Z;).

In this paper we only consider unitary representations and real vector spaces, therefore all singular
values of 7>, are equal to 1 and, for the global phase, we have to choose only between 1. We always
choose the global phases so that they respect inversion and composition, namely, so that 77, 575, is the
identity matrix on Z1 and T3, 1>, | = T3, 1, where &; is an irrep isomorphic to &; and &,.

3 Building blocks of I

3.1 Decomposition of U and V into irreps

Without loss of generality, let us assume that the adversary matrix I" for the ELEMENT DISTINCTNESS
problem satisfy the symmetry (2.3) given by the automorphism principle. Both U and V are representa-
tions of S[N] X Sy and, due to Schur’s lemma, we want to see what irreps of S[N] X Sy occur in both U and
V. Itis also convenient to consider U and V' as representations of just Sy or just Sy.

Claim 3.1. V decomposes into irreps of Sy x Sy as V= @y yA X A.

Proof. As arepresentation of Sy] and Sy, respectively, V' is isomorphic to the regular representation of
Sjy) and Sy. For every y € Dy and every 7 € Syy), there is a unique 7 € Sy such that yz = y*, and 7 and 7
belong to isomorphic conjugacy classes. Thus, for every A, the isotypical subspace of Y corresponding
to A (i.e., the subspace corresponding to all irreps isomorphic to 1) is the same for both Syy; and Sy
[24, Section 2.6]. Since V is isomorphic to the regular representation, the dimension of this subspace is
(dimA)?, which is exactly the dimension of the irrep A x A of Siny X Sg. O

Now let us address U, which acts on the space X corresponding to the positive inputs x € Dy. Let us
decompose D as a disjoint union of (g’) sets D; j, where {i, j} C [N] and D; ; is the set of all x € D,
such that x; = x;. Let us further decompose D; ; as a disjoint union of (1;/ ) sets ‘Df;, where {s,#} C £ and
Dl‘; is the set of all x € D, ; that does not contain s and contains ¢ twice or vice versa. Let X; ; and f)Cf;
be the subspaces of X that correspond to the sets D; ; and Df;}, respectively. The space ij is invariant
under the action of the subgroup Sls; defined as

Sy = (Spijy X Sivpgiy) X (Sgsay X Sz s}

namely, U Xf; = DCIS; forall (7, 7) € SIS; Therefore U restricted to the subspace C)Cf; is a representation
of S}

i j» and, similarly to Claim 3.1, it decomposes into irreps as

@VFN—Z (id x v) x ((id & sgn) x v). (3.1)

To see how U decomposes into irreps of Sjy] X Sy, we induce the representation (3.1) from Sf; to
S[N] X Sy.

The Littlewood-Richardson rule implies that an irrep of S|y X Sy isomorphic to 2 x A can occur in
U due to one of the following scenarios.

CHICAGO JOURNAL OF THEORETICAL COMPUTER SCIENCE 2014, Article 04, pages 1-27 7


http://dx.doi.org/10.4086/cjtcs

ANSIS ROSMANIS

e Ifv<,.Aand v¥£, A (ie., v is obtained from A by removing two boxes in the same row), then
A x A occurs once in the induction of (id x v) x (id x v). Let X%  denote the subspace of X
corresponding to this instance of A x A.

e If v <, A, then A X A occurs once in the induction of (id x v) x (id x v) and once in the induction
of (id x v) x (sgn x v). Let x;ld , and f)C%gn v denote the respective subspaces of X corresponding
to these instances of 4 x A.

Note: the subspaces X7, , and X%, ,, are independent from the choice of {i, j} C [N] and {s,t} C X.

sgn,v

3.2 T as alinear combination of transporters

Let d yand E =+ denote the transporters from the unique instance of A X A in Y to the subspaces
DCfZ , and x2

We consider & d yand E Hygn v as matrices of dimensions ( )N ! x N! and rank (dimA)2. Schur’s lemma
implies that, due to (2.3), we can express I as a linear combination of these transporters. Namely,

Y (X Bl X BlusThay): (3.2)

AN v A Ve A

sgn,v

sgn v respectively. We will specify the global phases of these transporters in Section 4.3.

where the coefficients ﬁ and B2 on,v are real.

A VIiN-2) (N-3,1) (N—4,2) (N—4,1,1)
(N) Vo
(N—1,1) W vo
(N—Z,Z) v W1 Vo
(N—-2,1,1) W vo
(N-3,3) V2 W1
(N—3,2,1) NG W Wi
(N-3,1,1,1) w1
(N—4,4) Vs
(N—4,3,1) Wy v
(N—4,2,2) V2
(N—4,2,1,1) «>

Table 1: Available operators for the construction of I'. We distinguish three cases: both A and v are the
same below the first row (label “vy”"), A has one box more below the first row than v (label “w;”), A has
two boxes more below the first row than v (labels “v,” and “W>”).

Thus we have reduced the construction of the adversary matrix I" to choosing the coefficients 3
of the transporters in (3.2). To illustrate what are the available transporters, let us consider the last
four (N — 2)-box Young diagrams v of the lexicographical order—(N —2), (N —3,1), (N —4,2), and
(N—4,1,1)—and all A that are obtained from these v by adding two boxes in different columns. Table
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1 shows pairs of A and v for which we have both Eﬁtv and E%gn,v available for the construction of I
(double check mark “w”) or just Eﬁ” available (single check mark “v"”).

Due to the symmetry, ||A; o' is the same for all i € [N], so, from now on, let us only consider A; oT".
We want to choose the coefficients B so that ||| € Q(N?/3) and ||A; oT'|| € O(1). The automorphism

principle also implies (see [16]) that we can assume that the principal left and right singular vectors of I'

ol N
Ed,szz)- We thus choose ﬁi(d,()Nfz) € O(N?/3).
In order to understand how to choose the coefficients 3, in Appendix A we prove the following claim,

which relates all the coefficients of transporters of Table 1 and more.

are the all-ones vectors, which correspond to &

Claim 3.2. Suppose T is given as in (3.2) and ﬁi(;./()N72) = N?/3. Consider A - N that has O(1) boxes

below the first row and v <. A. In order for ||A; oT|| € O(1) to hold, we need to have
1. BY, =N?3+0(1)if A and v are the same below the first row,

2. ﬁil}t,wﬁs/};mv = cANY® £ O(1) if A has one box more below the first row than v, where ¢} is a

constant depending only on the part of A and v below the first row,?

3. ﬁi/clt,wﬁs%emv = O(1) if A has two boxes more below the first row than V.

Note that we always have the freedom of changing (a constant number of) coefficients 8 up to an
additive term of O(1) because of the fact that

p(Ar) =max { A1 0B| : B <1} <2 (3.3)

(see [16] for this and other facts about the y» norm). We will use this fact again in Section 6.

4 Specification of I via I »

Due to the symmetry (2.2), it suffices to specify a single row of the adversary matrix I in order to specify
the whole matrix. For the convenience, let us instead specify I via specifying its (N! x N!)-dimensional
submatrix I'y ,—for {i, j} C [N], we define I'; ; to be the submatrix of I" that corresponds to the rows
labeled by x € D, ;, that is, positive inputs x with x; = x;. We think of I'; ; both as an N! x N! square
matrix and as a matrix of the same dimensions as I" that is obtained from I" by setting to zero all the
((’;) — I)N ! rows that correspond to x ¢ D; ;.

4.1 Necessary and sufficient symmetries of I'; »

For all (7, 7) € (Sy12) X Sz v)) X Sy, we have Uz X, 2 = X1 2 and, therefore, Uzl' o = I'1 2V This is
the necessary and sufficient symmetry that I'; » must satisfy in order for I' to be fixed under all index and
alphabet permutations. Since U(u)l"l,z =TI"12, we also have I" 12V(12) = I'1 ». We have

N\ 1
= Y Tij=) UliaVp = (2)M Y, UiliaVe, 4.1

{i,j}C[N] LAST EGS[N]

2et A and ¥ be the part of A and v below the first row, respectively. Then ¢4 = /(1) /h(V) = \/Ndimv/dim A +O(1/N).
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where R = Rep(Syy;/(Sq1,2) X Sz ny)) is a transversal of the left cosets of S¢j 5y X Sp3 n) in Spy).
Let f be a bijection between Dy and D , defined as

f: ®0_>®1,2: <J’17y2a)’37---a)’N) = (y17y17y37"'7yN)7

and let F be the corresponding permutation matrix mapping Y to X 5. Let us order rows and columns of
I'; 2 so that they correspond to f(y) and y, respectively, where we take y € Dy in the same order for both
(see Figure 1). Hence, F' becomes the identity matrix on Y (from this point onward, we essentially think
of X1, and Y as the same space). Let us denote this identity matrix by I.

(12) __ =« T
YOS N\
a a b c c d e
b b c b b a d
cc .. e a e b c
d e a d a e b
e d d e d c a
aacde
aaced
bbead
ccade
”<\ 2

(12) ~-® ccead

T<
ddbec

eecha

Figure 1: Symmetries of I'; » for N =5 and X = {a,b,c,d,e}. With respect to the bijection f, the order
of rows and columns matches. The solid arrows show that U* and V'* act symmetrically on I'j » (here we
use T = (aeb)(cd) € Sy), and so do Ur and Vy for T € Sj3 ] (here we use 7 = (354)). However, as shown
by the dash-dotted arrows, U(;5) acts as the identity on the rows, while V{;,) transposes the columns.

For all (7, 7) € Sy y) X Sy we have f(yz) = (f(v))% and, thus, Vi = FVi = UgF = Uy, where we
consider the restriction of U} to X; . Note that Uiz)=Ton X1 2, while Vi) # . Hence now the two
necessary and sufficient symmetries that I'; » must satisfy are

V;Fl,z = F172V; for all (7[, T) € 8[37/\/} X Sy and F1’2V(12) = F172. “4.2)

Figure 1 illustrates these symmetries.
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4.2 Labeling of projectors and transporters

We use I, with some subscripts and superscripts, to denote operators acting on Y; we use subscripts for
irreps of index permutations and superscripts for irreps of alphabet permutations. We also think of each
such an operator IT to map Y to X » and vice versa (technically, FII and ITF*, respectively).

Let IT;y = (I+V(12))/2 and I;g, = (I —V/2))/2 denote the projectors on the isotypical subspaces of
Y corresponding to irreps id = (2) and sgn = (1, 1) of Sy 5}, respectively. Let ITp, , and IT%- denote
the projectors on the isotypical subspaces corresponding to an irrep p of Syy\g;,....;,} and an irrep & of
St {51,....5m)» T€SPectively. Note that le g and IT1%--» commute, and let

M =, % =%y,

which is the projector on the isotypical subspace corresponding to the irrep p X & of Sy fi;....i,} ¥
S5\ {s1,....5,} (nOte: this subspace may contain multiple instances of the irrep). In general, when multiple
such projectors mutually commute, we denote their product with a single IT whose subscript and
superscript is, respectively, a concatenation of the subscripts and superscripts of these projectors. For
example, Hl vy HfZHmH}L (note: IT* corresponds to an irrep A of Sz\0 = Sx).

Suppose that Hﬁub and H?ub, are two projectors each projecting onto a single instance of an irrep
Piy...iy X A of S\ fiy ..,y < Sy, where sub and sub’ are subscripts determining these instances. Then let

H?ub, b denote the transporter from the instance corresponding to Hsub to one corresponding to Hfub,'
Let HSL,b/Hmb Hsub,Hub + Hsub<—sub’ for short.

4.3 Decomposition of I'; » into projectors and transporters

Due to (4.2), we can express I'1 5 as a linear combination of projectors onto irreps and transporters
between isomorphic irreps of S[g N} X Sy. Due to (4.2) we also have I'1 »I1;; = I'1 7 and I'1 »I1,, = 0.
Claim 3.1 states that T =Y 5 5 HA, and we have H/l =Y« Hvl ,- If the two boxes removed from 24
to obtain Vv are in the same row or the same column, then H’vl1 , projects onto the unique instance of the

irrep v x A in V, and H(,llz = Hl’b vy, OF H’vl12 = Hftgn V12’ respectively. On the other hand, if they are in
different rows and columns, then H’vl12 = Hﬁl v, T 8k an,vy,» Where each Hl’ld vy, and Hftgn v;, brojects onto

an instance of the irrep v x A. Hence, similarly to (3.2), we can express F1,2 as a linear combination

Flz_ Z ( Z ald\/ ld V]2+ Z SgﬂV Agl’l Vipé—id, V12) (43)

AEN vk A Ve A

If v <, A, then there exist two distinct ,u WhEN-—1Tsuchthatv <y <Aandv<pu' <A,andlet
u appear in the lexicographic order after p1’. Note that TTA projects onto a single instance of v x A.

Vi2,H1
We have
A A
Hsgn Via—id,vip Hsgn V12HV12 ﬂlnld Vig?

and we specify the global phase of the transporter HS Vi id V1 by assuming that the coefficient of this
proportionality is positive. We present the value of this coefficient in Section 5.3.
Let us relate (3.2) and (4.3), the two ways in which we can specify the adversary matrix. One

can see that the 2(N —2)! x N! submatrix of E?;l,vl and f“gn v;, corresponding to Ditz is proportional,
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respectively, to the 2(N — 2)! x N! submatrix of Hf;i_v and IT*

. st
Senvia<id.via corresponding to 91,2' Hence,
just like in (4.1), we have

1d v — Z Uﬂnzd v12 and vgn v = YA Z Uﬂnsgn Vipid, v12V )
sgn,

,d v TER n,v meR

and we specify the global phase of the transporters & by assuming that the normalization scalars y are
positive. Note that

A =4 \x
(%’fz,v)znz = (’Yzﬁ,v:‘id,v) id,v zd v ( Z Uﬂnzd v|2 ) Z Uﬂ zd vlzv -1

TER TER

N 1 N\ dimV A
- <2>N' Y Valliyy, Va1 = <2> dimA %

ﬂES[ N

where the last equality holds because V; and IT* commute (thus the sum has to be proportional to IT# ‘D)
and Tr[IT, , 1/Tr] H)L =dimv/dimA. The same way we calculate Vslgn,v’ and we have

id, vy
A A .
,}ﬂ _ Fidyv '}ﬂ _ Psgny <N> dimv
idv — 2 sgn,v T - . :
Oy y Ofon.y 2 ) dimA

5 Tools for estimating ||A;oI||

5.1 Division of A; oI" into two parts

For all j € [2,N], Aj o'y j is essentially the same as A; oI'1 5. And, for all {i,j} C [2,N], AjoI7 is
essentially the same as Ay oI, 3, which, in turn, is essentially the same as A3 oI’y 5. Let us distinguish
these two cases by dividing I into two parts: let I” be the (N — 1)N! x N! submatrix of I" corresponding
tox € Dy j, where j € [2,N], and let I’ be the (NZ_I)N! x N! submatrix of I" corresponding to x € D; ;,
where {i, j} € [2,N].

Claim 5.1. We have ||A; oT|| € O(1) if and only if both ||A; oI || € O(1) and ||A; o T”|| € O(1).

Let R' = Rep(Sp,n1/Sp,n) and R” = Rep(Syyp\ 31/ (Sq1,23 X San))) be transversals of the left cosets
of Sp3 n) in S v and of S¢y 5y X Sy4 7 in Spy)y (3}, respectively. Similarly to (4.1), we have

Aol = ¥ Uz(AjoTio)Ver  and  Ajol” = Uy ( Y. Us(AsoT)V, )V(B), (5.1)
TER TER!
which imply
[AroT|* = [[(AroT)* (A1 oT)| = | ¥ Va(A1oT12)"(Ar 0Ty 2)Vy H (5.2)
TER'
HAloF”Hz: [(AroT")* (AroT")|| = || Y Va(AsoT12)*(A3oT 1 2)Vyt]|. (5.3)
nER"

Therefore, we have to consider Aj oI'j > and Az oIy 5.
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5.2 Commutativity with the action of A;

Instead of A;, let us first consider the action of A;. For i € [N] and s € Z, let ﬁf- be the projector on all
y € Dy such that y; = s. Then, due to the particular way we define the bijection f, we have

Ki o F]yg = ZseE fl;?l“l’zflf whenever i 7& 2 and Kz o] F172 = ZSGE fI{l“qui. (54)

Note that I commutes with every p; ,, wheneveri€ {ji,..., jm}. Hence, fori € {ji,..., jm}\ {2}
and every N! x N! matrix A, we have

Ai © (Hp/'lw/'mA) = Hp/'lm/'m (Al OA) and Ai © (AHp/'lw/'m) - (Al OA)prl---fm : (55)

5.3 Relations among irreps of S3 ) x Sy within an isotypical subspace

A
id,vi2

. Unfortunately, this action is hard to calculate directly, therefore we express Hfb_vlz and

We are interested to see how Ay acts on I'y 5, which requires us to consider how it acts on I1 and

A
sgn,Vip—id,vip

A
sgn,Viz<id,vip
Consider A - N and v <, A. The projector H&n projects onto the isotypical subspace of Y corre-
sponding to the irrep v X A of Si3,n) X Sy, and this subspace contains two instances of this irrep. There
are as many degrees of freedom in splitting this subspace in half so that each half corresponds to a single
instance of the irrep as in splitting R? in orthogonal one-dimensional subspaces. We already considered
one such split, H&l , = Hﬁl’vlz + Hfgmvl ,» and now let us relate it to another.

Let u,u'=N—1besuchthatv < u <A, v < p' <A, and u appears after ¢’ in the lexicographical

order. Then H)‘}l o and H/vllz, u project onto two orthogonal instances of the irrep v x A, and Hf}lz =
Hl

Vo, +H&127u{' Note that V(;5) commutes with H&lz and that IT* = IT,. The orthogonal form [17,
Section 3.4] of the irrep A tells us that V{;,) restricted to the isotypical subspace corresponding to v x A is

[y A 2 2
V(u) ’V12></1 - K (HVIZMU; _HV127#| + \/‘FHvlz,u{Hvlz,ul)' (5-6)

Expression (5.6), in effect, defines the global phase of transporters H’vlm Vi and Hém T
Recall that ITjy = (I +V/2))/2, and therefore

as linear combinations of certain operators on which the action of A; is easier to calculate.

) 2
A - HV12+V(]2)’V12><A _ dl,\/_ 1 A d/l,v+1 A + dz"v lnl (5 7)
id,vio — D) - 2y, ok 2d, Vi, 2d;. Vi, [ Vi, :
and
2d
A AV A A A
Hsg’l7V12<—id7V12 = HSgnsVIZHVILﬂlHideD
A /d/zl v 1
2 2
_ Gyl Gy, dayv+1 3 day—1 53
2d7t v Vig, i Zd/l v Viz, 1] 2d)L v Vig Vi, ng v Viz, U] Vi, ( : )
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5.4 Relations among irreps of Sy 5| X Sy within an isotypical subspace

We are also interested to see how Az acts on Iy 2, which will require us to consider irreps of S ] X Sy. Let
us now consider k € o(N), n -k, and 6 < 1. Recall that, according to our notation, 7 = (N —k,n)F N
and 0123 = (N —k—2,0)123 = N — 3 is obtained from 7] by removing two boxes in the first row and one
box below the first row.

V contains three instances of the irrep 0123 ¥ 7] of S[‘LN] X Sy: we have
i i

n _h ] ] _ 1
II B Hé +1Ig +11 01 Hid-,éns,f_b +Hsgn,élz37ﬁ3 +H(id)7élz3yé3’

6123 123,T12,(7) 6123,012,11 6123,(012),6
where each projector (other than Hgm) projects on a single instance of the irrep and the subscripts
in parenthesis are optional. These two decompositions follow essentially the chain of restrictions
S[N] — S[Z,N] — 8[371\/} — 8[4,]\/] and S[N] — S[N]\B} — S{LZ} X S[4,N] — 8[471\/}, respectively.

From the orthogonal form of the irrep 7, we get that the restriction of V{5 and V(,3) to the isotypical
subspace corresponding to 03 X 1] is, respectively,

_ 1 _ _ _
_ =1 no B o L /d? . — 1117 . o
V(12)|6123><T_1 H9123-,1_7|2 - d- B <H6123,9127ﬁ1 H9123-,91 - dﬁ,91z 1H9123,9127ﬁ1H9123,6]>’

1 ) ] ]
- = (m ) (. s —1)2-111" o no
V3 |9123><7—7 dp 6, — 1 (Helza,ﬁlz 6123,012,1 T <d717912 1) 1H9123,ﬁ1299|23ael2=’_7l> +H9l23’9"

where the global phases of the transporters in the expression for V(;, 7 are consistent with (5.6).

_ ) | é123 X
Therefore we can calculate the “overlap” of Hgm _and

;M2
] _ U] _ n U]

T 6y = Vi13) (T Vi) ) TG - Vius) /2 = Vi) Vi) (T4 Vies)) (Tl o +TTG 50 2 WV Vies) /2

to be
4] g]
Tr[Hél%-,_ﬁ]ZHid-,é]ZS:ﬁfi] — 2 (5 9)
dim 9123 dimf] dﬁ,élz (dfhélz — 1)

; n — 11..7771

Since Hémflnz - H’dnélzaﬁlz’ we have

7 :n’]_+#(ﬁ_ _,—_,_) /A
6123,712 023,65 g2 _ 4 - id 0123,13 6123,63 d? . —d- ; 0123,03¢id,0123,13
1,612 7,612 1,612 1,612
(5.10)

5.5 Summing the permutations of (A;oI'j2)*(Aj oI 2)

A
Vi2,Hi

I where A FN, v <, A,and u,u' - N—1aresuchthat v<pu<Aandv < pu' <A (we

Vi2, U Viz, i1’

We will express (Aj oI'12)*(A; oI’y 2) as a linear combination of projectors IT and transporters
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consider transporters only if v <, A, and thus p # u’). In order to calculate ||A; oI”|| via (5.2), we use

Tr (VeI Vii] dimv
Z VTCH&IZ #1V = Trfﬁélll] ﬁl = m ﬁn

: EGS[Z,N]

Z 428 V12#1V -1 = (N—l)‘

TER'

1 1
N — 1ZV” Vlzulﬁvlzﬂlv IZ(N_l)v Z V”HVIZ.u]FVlZIJlV -1 =0.

: ﬂeS[er]

(5.11)

The equalities in (5.11) hold because, first of all, H\,12 w and Hﬁlz W v A€ fixed under S[lN] X Sy.

Second, V' as a representation of Sy, y) x Sy is multiplicity-free (i.e., it contains each irrep at most once),

and thus every operator on Y that is fixed under Sp; y X Sy, can be expressed as a linear combination of

projectors Hﬁ:,, where A’ = N and p” < A'. And third, for 7 € Sp 5}, Vz commutes with both Hﬁl and
1

A
HM{'

6 Construction of the optimal adversary matrix

In Section 4.3 we showed that B v/ Oclfi v = ﬁggn ool (1;/ ) 4imy. We calculate dim v and dim A

dimA

using the hook-length formula, and one can see that, given a fixed ¢ - k, dimij can be expressed as a
polynomial in N of degree k and having the leading coefficient 1/h({) (see (6.2)). Therefore we get that
Claim 3.2 is equivalent to the following claim, which we prove in Appendix A.

sgn,V

Claim 6.1. Suppose I'1 » is given as in (4.3), aig\f()N_D = N3, and T is obtained from I'y o via (4.1).
Consider A = N that has O(1) boxes below the first row and v <. A. In order for |A; oT'|| € O(1) to
hold, we need to have

1. Ocl.’}l_v = N3+ O(1/N) if A and v are the same below the first row,

2. (de s O‘s{;n v =N"3410(1/V/N) if A has one box more below the first row than v,

3. aid’v, o}, = O(1) if A has two boxes more below the first row than v.
(Note that ai(;,/() 5 =N" 13 implies ||T|| > [3 ) € O(N?3).)

Consider k € o(N) and n - k. Claims 3 2 and 6.1 hint that for the optimal adversary matrix we
could choose coefficients OCIZ PR (xlg i ™ chgn s whenever { > 1 and chl = ai’n i = = 0 whenever

¢ > 1. Let us do that. For { > 1, note that f;, < f; < , 12 < §; < &, and 7, appears after {; is
the lexicographic order, and also note that d i = N — 2k — 1 (the equality is achieved by n = (k) and
{ = (k+1)). Therefore, according to (5.7) and (5.8), we have

5 e
ld M2 + Z ld mz sgn fo¢—id, 7712 7712 + Z A 7_11277_]1%7_] Z ) + O(l/N)
{>n {>n
7712 + CZ 2H1712 ull iy +O(1/N) = 25,7, 1ia — ng +O(1/N),
>N
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P T _m . - S 5~ f 7 -
where the last equality is due to IIy =TI - =TI, and IndS[Z.N]Th =N D¢syl, that is, the

branching rule. Thus we choose to construct I'; » as a linear combination of matrices

2 _
\ 9 a1 i >

sgn,Niz<—id, M2

_ _ d . —1 =
T _ 1l &n ¢

Znﬁlz,ﬁlnid T T Hﬁlz + Z < d,lz Hid,ﬁlz + d>
{>n £ &

(At first glance, it may seem that the matrix on the left hand side does not “treat” indices 1 and 2 equally,
but that is an illusion due to the way we define the bijection f.)

Theorem 6.2. Let I" be constructed via (4.1) from

N2 N2/3 _k _
o= Z N Z (205,57, ia _Hglz)’
k=0 nkk

Then ||T|| € Q(N?/?) and ||A oT|| € O(1), and therefore T is an optimal adversary matrix for ELEMENT
DISTINCTNESS.

For I'1 > of Theorem 6.2 expressed in the form (4.3), we have ai(c?.l()N72) = N"1/3, and therefore
||| € (N?/3). In the remainder of the paper, let us prove [|A; oI”|| € O(1) and [|A; oI € O(1), which

is sufficient due to Claim 5.1.

6.1 Approximate action of A;

The precise calculation of A oI is tedious; we consider it in Appendix A. Here, however, it suffices to
upper bound ||A; o I'|| using the following trick first introduced in [8] and later used in [12, 10, 27, 11].

For any matrix A of the same dimensions as A;, we call a matrix B satisfying A;jo B = A;0A an
approximation of A; oA and we denote it with A; ¢ A. From the fact (3.3) on the 9» norm, it follows that
|AicA|l < 2]|A;i¢A|l. Hence, to show that ||A; oI”|| € O(1) and ||A; oT”|| € O(1), it suffices to show
that ||A; oI"|| € O(1) and ||A; oT”|| € O(1) for any A; oI and A; oI"”. That is, it suffices to show that
we can change entries of I” and I corresponding to (x,y) with x; = y; in a way that the spectral norms
of the resulting matrices are constantly bounded.

Note that we can always choose A;©A =A and A;¢ (A+A") = A;j0A+A;0A". We will express I' > as
a linear combination of certain N! x N! matrices and, for every such matrix A, we will choose A;©A = A,
except for the following three, for which we calculate the action of A; or Az precisely. We have

Arolliy = V(lz)/z’ A3 Oném,@ =0, and A3 OHém,ém =0
due to A o = A3 o = 0 and the commutativity relation (5.5).
Due to (5.5), we also have Az o (AIl;y) = (A3 0 A)IT;, for every N! x N! matrix A. One can see that,

given any choice of A3 ©A, we can choose Az ¢ (Ally) = (A3 0A)L,.
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6.2 Bounding ||A;oI"||
For k < N*/3 and n I- k, define N! x N! matrices (I')1.2 and (I';)1 2 such that

N?/3 N2/3 _k ~
[p= kzé v Tz, T = ;{(Fn)l,zv and  (Ty)i2 = 20g,, 5y — 117 .
= n

The projector I15,, 5, commutes with the action of Ay, therefore we can choose

A1 (Tp)ia = 2Mg,,., (A oTl) =TI =TIy, 5, Vi) — I

N2 M2
¢ I g 4% 5,1 ¢
T N ST S S
= M2,M = d‘:-ﬁlz M2, d&ﬁlz M2, M1+ M12,61

where the third equality is due to the branching rule and both Hglz = ngnid and I1;4V(12) = Il;4, and
the last equality comes from (5.6). To estimate the norm of A; ¢I" via (5.2), we have

Z V;,;(A] <o (Fn)l,l)*<A1 <o (Fn)lvz)vnfl

TER'
=) Vﬂ( IS s (SN < S déf’lz_lni )V,rl

2 1712771 2. 2 12,71 112,¢
{>nrmeR é_’ M2, dez M2, M2,61

. B 1 dimﬁlz Z dlmnlz Z
(N=1) (d%_ dimﬁlnﬁ' dim¢&, H&)

&>n i
1 P m +w-1Y dl_m”_‘zng , ©6.1)
N) & {oy dimGy

where < denotes the semidefinite ordering, the equality in the middle comes from (5.11), and the last
inequality is due to dim 7}, < dim7; and di.ﬁlz >N-—-2k—1.

Claim 6.3. Let { F k. Then 1 —dim&;/dim{ < 2k/N.

Proof. Recall the hook-length formula (2.4). As ¢ has (1) < k columns, define ' (j) = 0 for all
J€[E(1)+1,k]. We have

imf— M NU/(N —2k)!
dim{ h((N=k,C))  h(O)IT=i(N—k+1—j+CT(j) (6.2)
and therefore
dimG | (N-DY(N-2k— ) EN—k1—j+ET() | N-2k 2k
Cdmf o NY(V-20)! H N—k—j+C() N N
O
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For ' # n, we have (A o (I'y)12)" (A1 o (I'y)1,2) = 0, therefore, by summing (6.1) over all n - &,
we get

Y Va(Aro(Te)12) (A1 o (Ti)12)Vit

TER
1 4 _ dim 7 4
jNi—o(N)Z Ym+w-1y Yy Yy Gim?, I

nEkg>n Crk+1n<C
1 4 4
< Y ) m; +2(k+1) ) 10, (6.3)
N_O(N) n}—ké’>n m CFk+1 :

where the first inequality holds because Y. Y¢ -y and Yep 441 Yp<¢ are sums over the same pairs of 7
and §, and the second inequality holds because dim 51 = dim éj 12+ Y <¢ dim 12 (due to the branching
rule) and Claim 6.3.

Finally, by summing (6.3) over k, we get

(A] OF/)*(Al OF/) = Z V;-;(A] 0F1,2)*<A1 01—‘172)‘/”71

mER

N3 (a72/3 _ 1\2 . .
<y W 7 9 (N_IO(N) Y Yo +2k+1) Y né) <1/3.

k=0 nrk{>n Chk+1

Hence, ||A;oI"|| € O(1).

6.3 Bounding ||A; oT"||

Let us decompose the adversary matrix as I' = 2I" 4 — I's, where we define I' 4 and I'g via their restriction
to the rows labeled by x € Dy »:

N3 \2/3 N?3 £12/3 _
N° —k N2 —k
Ta)ia= Z N Z .5 i and (Tp)12 = Z N Z Hglz’
k=0 nrk k=0 nhk

respectively. We show that [|A; oI" || € O(1) and ||A; o'}, || € O(1), which together imply [|A; oI"|| €
O(1). The argument is very similar for both I'4 and I'z, and let us start by showing ||AoI”;|| € O(1).
We are interested to see how Az acts on (I'4); 2. Let 6 < 7, and we will have to consider Hém’,—m’,—h.

For every A > 1], note that V(23) and Hglz _ commute. So, similarly to (5.6), we have

3,1
1 2 A /
= A & 2 A L
V(23)H9123J]1 T d- 5 Z <H9123~,ﬁ127ﬁ1 H9123,9|27T_)1+ dm,em 1H9123~ﬂ127ﬁ199123,912,ﬁ1>'
M,6123 1>,
Hence
Tl TIF ] Te[lI: VIt
[ 0123,M12,M 9123771137171] _ [ 6123,M12,M1 (23) 60123,M12,M1 (23)] _ 1
dim 9123 dim?t dim 9123 dim)t d?h 61237
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and therefore, similarly to (5.10), we have

/42 _
1 ) o dﬁl-,éns 1

Hélz%ﬁlzﬂl - Hém,élsﬂh FZ (H91237T_11377_71 _H912379137ﬁ1) + 42 . 6123,013,11¢+ 6123, 713,71
71,6123 11,6123

6.4)

where

o _ — A _
H9123,9137ﬁ1<—>91237ﬁ137ﬂ1 - Z?L>ﬁ1 H9123,913,ﬁ1<—>6123,ﬁ13,ﬁ1

for short.

Without loss of generality, let us assume N%/3 to be an integer. Then, by using the branching rule and
simple derivations, one can see that

aTa?

2/3
NP1 A2/3_p (
k=0 Ntk

N?3—1 N2/3_k
Hﬁ1237ﬁ1+ Z Hém,émﬁl) = Z < Znnmﬂ‘h N Z Hé123,é13>'

6<n k=0 nkk k-1
(6.5)

Therefore we have

N?3-1 N2/3 _k
Caz= Y N Y (Hﬁm,m + ) Hé|23,7_112-,7_11)nld

k=0 ntk o<n
NG N3 —k 1
= Z (N Znﬁm,fh + N Z Z (dz j (H9123»ﬁ137ﬁ1 _Hé1237913f11)

k=0 nkk ntkO<n 77,612
/42 _
dﬁl,ém ! o ; N3 —k I = |IL.

+ 42 B123,013,711 B3, sl ) T N 6123,013 id>
11,6123 OFk—1

where the first equality comes from the branching rule and the fact that we can ignore k = N%/3, and the
second equality comes from subsequent applications of (6.4) and (6.5).

Recall that the action of Az commutes with IT;; and Az o HémgI3 = 0. Therefore we can choose

N3] N2/3 _ 1
Az o (Fﬂ)lvz = Z Z 5,55, + N Z Z (dz (Hémﬂmﬁl - Hélzs,ém,fh)

k=0 an nkkO<n 71,0123
1/d?7 8 -1
1,0123
+ a2 H51237913J_71H91237ﬁ137ﬁ1) I,
71,6123
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and we have

(A30(La)12)" (A30(La)12)

N2 1 (N2/3
= Z Iiq N2 Znnm m T Z Z H91237ﬁ137ﬁ1+H9123~,@137ﬁ1) g,

k=0 nkk nkko<n 771 B123
1V 1
- N2 Z Iy Z M55, +0(1) - Z Z (Hé1237ﬁ13,ﬁ1 +H51237é137ﬁ1) Mg = ﬁﬂ‘
nkk nkko<n
Finally, (5.3) tells us that
1
1A T2 = H Y Ve(Aso(Ta)i2)* (Aso (Ta)i2)V, H < H 2]1” <1/2,
TER’ wER"

and, hence, ||A; oI"; || € O(1).
We show that ||A; oI}, || € O(1) in essentially the same way, except now, instead of the decomposition

(6.4) of Hé1237ﬁ12>7—11

|A; oI"|| € O(1), which, in turn, concludes the proof of Theorem 6.2.

we consider the decomposition (5.10) of Hgm i This concludes the proof that

7 Open problems

We already mentioned two open problems in the introduction. One is to close the gap between the best
known lower bound and upper bound for k-DISTINCTNESS, Q(N?/3) and O(N 1254 (2=1), respectively.
We hope that our lower bound for ELEMENT DISTINCTNESS could help to improve the lower bound for
k-DISTINCTNESS when k > 3.

The other is to reduce the required group (i.e., alphabet) size in the Q(N"/ (k+1)) lower bound for
k-SUM. As pointed out in [12], the quantum query complexity of k-SUM becomes O(y/N) for groups of
constant size. Therefore it would be interesting to find tradeoffs between the quantum query complexity
and the size (and, potentially, the structure) of the group. These tradeoffs might be relatively smooth,
unlike the jump in the query complexity of ELEMENT DISTINCTNESS between alphabet sizes N — 1 and
N.

Claims 3.2 and 6.1 suggest that the adversary matrix that we consider in Theorem 6.2 for ELEMENT
DISTINCTNESS is a natural choice. While any other optimal adversary matrix probably cannot look too
different (in terms of the singular value decomposition), it does not mean that it cannot have a simpler
specification. Such a simpler specification might facilitate the construction of adversary bounds for other
problems.

In fact, Belovs’ construction [8] gives an adversary matrix I' for ELEMENT DISTINCTNESS for any
alphabet size. Unfortunately, his analysis for lower bounding ||T|| /||A; oT'|| does not work any more for
alphabet sizes o(N?). Nonetheless, it still might be the case that ||| /||A; o || € Q(N%*/3) even when
|Z| = N, and, if one could show that, it might help to provide tight adversary bounds for COLLISION
and SET EQUALITY with minimal non-trivial alphabet size, because the current adversary bounds for
them are constructed similarly to Belovs’s adversary bound for ELEMENT DISTINCTNESS and require
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|Z| € Q(N?). (We know that such adversary bounds for COLLISION and SET EQUALITY exist due to
tight lower bounds via other methods [1, 19, 29] and the optimality of the adversary method [20].)

Jeffery, Magniez, and de Wolf recently studied the model of parallel quantum query algorithms,
which can make P queries in parallel in each timestep [18]. They show that such algorithms have to make
O((N/P)??) P-parallel quantum queries to solve ELEMENT DISTINCTNESS. For the lower bound, they
generalize the adversary bound given in [10] (which is almost equivalent to one in [8]) and therefore
require that the alphabet size is at least Q(N?). The techniques provided in this paper might help to
remove this requirement.
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A Necessary conditions for the construction of I

A.1 Action of A; on H}L and transporters

Let us consider i # 2. Recall the projectors ﬁf- from Section 5.2, and note that V} ﬁf- = IAT;‘V; for all
(7,7) € Spyp\(iy X Sx\ {5} Analogously to Claim 3.1,

a J— a S7IJ'S
H§ - Z,uFNfl Hi,ﬂi ’
where flfﬁf = fIfHﬁj = Hﬁ'[‘ fIf projects on a single instance of the irrep f X 1 of Syyp\ (i} X Sy (5}
Due to the symmetry, V7 (A; o H}L) = (Ao ng)vg for all (,7) € Syy)\ (i) X Sy, therefore we can

express
A A "
AiolIly = Z Z O 1T
MEN <A/
We have
oY — Tel(A; o IUITE]  Tr[Fep IPTIRTIE]  Te{lT T T T
’ Tr[I1}] dimA’dim u dimA/dimu
L et R LS g A i | G A RN S e
dimA/(dim p)3 dimA/(dimu)3

— Ndimpu’
NdimA/(dimpu)3

Te[I0 ] Te[0)) [ dmd ey <A,
o, if u £ A (ie., TIA, = 0),

CHICAGO JOURNAL OF THEORETICAL COMPUTER SCIENCE 2014, Article 04, pages 1-27 23


http://arxiv.org/abs/quant-ph/9508027
http://arxiv.org/abs/quant-ph/9508027
http://arxiv.org/abs/1304.0845
http://arxiv.org/abs/quant-ph/0409116
http://arxiv.org/abs/1312.1027
http://arxiv.org/abs/quant-ph/0311060
http://dx.doi.org/10.4086/cjtcs

ANSIS ROSMANIS

where the second equality is due to (5.4), the third and sixth equalities are due to the symmetry among all
s € X, and the fourth equality is from [6]. Hence

dimA 1 dimA 1
AroTl} =TT — Y (5 Yol =mj- Y (5Te)  AD
N o) dimpu P N o) dimpu
Nowconsiderj;éi AEN,and v <, A. Let u, ,u’l—N—lbesuchthatv</,L<)L,v</.t’<k,and
W # ' Let us see how A; acts on the transporter Hv Vit We have
A A Hsyys
I HVU W H,W#H HSH H Vit #HuiHiY =0
2/ . .
because H“SHVU Vit is a transporter between two instances of the irrep v x u’ of Sivp it X S\ {s}

and, therefore, orthogonal to IT*s. Hence,

A; oI =0 and  AjolIl* =11t . (A2)

!
Vij 1= Vij Wi Vij ol <= Vij, i Vij K < Vij,Hi

A.2 Necessary conditions for ||A; oT'|| € O(1)

We will use the following lemmas and corollaries in the proof of Claim 6.1. Let I'; » be given as in (4.3),
and I' be obtained from I'; » via (4.1).

Lemma A.1. Consider A= N, u <A, p' <A, and v < p, i’ (we allow u =y’ here). If |AjoT|| <1,
then
dimpu’

9 —_
| iz, (=< (N—1)dimv

Vio, i (A] OF] 2)H
Proof. For the proof, let us assume that v <, A and p # . It is easy to see that the proof works in all
the other cases too. Let ‘P{} u = Lacr U,EH(,ll »,uu Un—1, where the transversal R’ was defined in Section 5.1.
From (5.1), we have

o (Arol") = Y Upll}, \ (AroT12)Vyet, (A3)

TER!
whose norm is at most 1 because ‘P& u 18 a projector.
We can express

A
Hvlz U (Aro FLZ) WHVIZ wt V/HVIZ Hi=Vio,ug?

where
= ||Hv12 i (A OFI,Z)H)\}WM | and = HHV12 W (Ajoly, Z)HWZ T Ak
Hence,
(AroT12) Iy, y, (AroT12) = WII, o+ (W)TT, e+ WIS e (A4)

From (A.3), (A.4), and (5.11), we get

dimv
dim pt/

dimv A

HZ
dimu *

(AroT')" W] ,(AroT") = A (N~ 1) HWPIN 1)

The norm of this matrix is at most 1, which completes the proof. O
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Corollary A.2. Let vEN—2, u > v, and A, A" > . If |A; oT”|| < 1, then

e[}, , D12 Tr[IT, T o) dim
dimAdimv  dimA/dimv (N—1)dimv’

Proof. From Lemma A.1, we have

A A _ ’TI‘ [H&Q:HI (Al OFIQ)] ‘ _ |TI’[(A1 Onélzvﬂl)rlvz] ‘
[racmENES TN A B dim A dim v - dim A dim v

Vi2,H1
A dimA .
B {Tr[(HVILIJ] B N(lirinmunvlzylil)rlvz] ’ B Tr [Hélz,ulrll] B Tr [an,u] Fl,z] dimpu
N dimA dimv | dimAdimv Ndimpgdimv (N—1)dimv’

where the second and third equalities are due to (5.4) and (A.1), respectively. We obtain the same
inequality with A’ instead of A, and the result follows from the triangle inequality. O

Corollary A.3. Consider A= N, v <. A, and ,p/’ =N —1 such thatv <u <A, v<u <A, and u
appears after [ in the lexicographical order. If ||[A; oT”|| < 1, then

[72 R
ax d/l,v 1 _al dl,\/_ 1 < dlm“l
“4y2dy 8V 2dy | =\ (N—1)dimv’
[ 72 .
ak quV 1 _i_al dﬁqv"}‘l < dll’l’l[.i/
4V 2dy Y 2dy | =\ (N=1)dimv’

Proof. Since A is the unique N-box Young diagram that has both u and u’ as subdiagrams, we have

I1

i .
Vi2, M Viz, U Viz, Hi

Ty o0y, =105 T 12115
Hence, due to (A.2) and the commutativity relations (5.5), we have

H?L

i
Via, 1y

(Al o Fl,Z)H)L = H/l (Al © (Hvu,#{r]sznvlzﬂl ))Hl = Hl /FLZHA

Vgl iz, M Vig, iy
The same holds with g and g’ swapped. From (5.7) and (5.8), we get that

JJdr -1
I oI —(a’l Vi o d)L,v_1>H)L

V12,4 Vi, T id,v 2d, — Gsgnv 2d)L,v Vi2,Hy Vi,

dz —1
D LT (al V “ay A d/l,v+1>nx

Vi2,11 = id,v 2d7t,v +asg"7v 2d)L,v Vig, V2,110

Vig,u

and we apply Lemma A.1 to complete the proof. 0
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Lemma A 4. Let 0 be a Young diagram having at most N /2 —2 boxes and 1 > 0. If | Ay oI"|| < 1, then

n _ .~
I Y 2(%51’(;12 % 71y <5 dim 63
id id 0 _ _ = N-1\ 1100
e e dﬁﬂlz (dﬁﬂlz -1 ( 2 )dlm 0123
U] : T i Ul
Proof. 1\_Iote that I'T 81,05 (AzoI'; ) canbe e_xpressed as a linear combination of IT 812301 Bias By id.Bios s’
while Hgm (Az oI’y ») is proportional to Hgm. Similarly to Lemma A.1, we can show that
dim é3 dim é3

1] - (Ajoly )]

6
6123,05 em,@HS m7 HH (AjolMo)II

< |
9] 9|23H — (Nz—l) dim61237

where, instead of (5.11), we have to use (analogously proven)

7 N —1\dim023 _ 5
n _ f B
V”Hé|237é3vir*1 a ( 2 > dim 6; Hé3 and Z Vall ld 10123,M340123, 93‘/” 1=0.

TER"

Then, similarly to Corollary A.2, we get

Tl‘[Hé123 9 F] 2] Tr [HG 23F1 2]

dim 7] dim 6,23 ~ dim 6 dim )3

dim 65
(N;l) dim é123 '

We conclude by noticing that

-1 6\_,0 110
1_191231—‘172 B Hem( id 912H912) - id7912H9123

and, due to (5.9),

4] n U] ] 4] n n n
6123793F1’2 H9123,93 Hém,éz (a"dvTIIZHTUZ T id GIZHidséIZ) 6123,0;
2 2 A 7
= ((l_d_ ~ (d_ ~ _1))06171’112 d_ ~ (d_ ~ _l)ai?l‘élz H‘glzz.é}'
7,012 \"1,612 7,012 \"1,612 ’ T

A.3 Proof of Claim 6.1

We can assume that all the coefficients 3 in the expression (3.2) for I" are at most N, as N is the trivial
upper bound on the quantum query complexity of ELEMENT DISTINCTNESS. That, in turn, means that
we can assume that the coefficients & in Point 1, Point 2, and Point 3 of Claim 6.1 are, respectively, at
most O(1), O(v/N), and O(N). Let us prove sequentially every point of the claim.

Point 1. Consider k € O(1 ) 0k, and n>6,s0dp5,=N—0(1)and dimé3/dimé123 € 0(1). From

| € O(1/N), whlchprovesthata - =N"1340(1/N) by the

Lemma A .4, we get that |o! e

id My ld 012

induction over k, where we take Ocl.(d <)N_2) = N~1/3 as the base case.
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Point 2. Consider 6 - O(1) and 1 > 6, so dim6,/dim6;, € ©(1). From the first inequality of
) n

Corollary A.3 (in which we choose A = #j and v = 05, forcing i = 6;), we get that ](xl.Z 6~ %sen. élz’ €

0(1/\/1V) From Corollary A.2 (in which we choose v = )5, 1 = 6;, A = 8, and A’ = 7}), we get

6 n
Tr[Hélzl“]’z} Tr[HélzﬂélFLz}

dimBdimby,  dimndiméy | O(1/VN),
where we have
5 5 5 - - - dsg —1 _ ; G, _
My Tip=of, M5 and T} ToM]  = (a[}L éng‘:én + as';mélzzji’r_];)Hgm .

from (5.7) and (5.8). Therefore, |ch1 6, (alz o, T chn 912)/2| € O(1/+/N), which together with pre-

: 6 _ n-1/3 1 n : ] -1/3
viously proven %5y = N-'340(1/N) and \aid7é12 — asgn,élz‘ € O(1/v/N) imply %6, =N 34
o _ N1/
O(1/VN)and o] 5 =N 34+ 0(1/V/N).

Point 3. Consider A - N and v <, A that is obtained from A by removing two boxes in different
columns below the first row. Let us consider two cases.

Case l: v, A. Letu,u'=N—1besuchthat v <pu <A, v<p <A, and u # p'. Since d, , > 2,
dimp/dimv € ®(N), and dimp’/dimv € @(N), both inequalities of Corollary A.3 together imply
oy, =O(1) and o, , = O(1).

Case 2: vk A and v¥£, A (i.e., v is obtained from A by removing two boxes in the same, but
not the first, row). Let u = N — 1 be the unique Young diagram that satisfies v < i < A, and let A’ be

obtained from u by adding a box in the first row. For Point 2 we already have shown that O‘il}l/.v €o(l)
and a.ég/n,v € o(1), so, from Corollary A.2 and dimpu/dimv € ®(N), we get that &, , € O(1).
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